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Abstract

The aviation is considered as one of the safest ways of traveling in the
wide world today, however accidents and incidents still occur. If we would
wish to trace ways in which an accident occurred, we would see a chain of
simple errors that led to the event. As human plays an important role in the
air transport system, their contribution in this chain is quite essential.

In the following thesis the Maintenance Performance Model is developed
as a part of Causal Model for Air Transport Safety project. The motivation
for this project is the need to a better understanding of air transport acci-
dents, so that efforts to improve safety can be made as effective as possible.
The Bayesian Belief Network is used as a modelling tool while constructing
CATS model and therefore the Maintenance Performance Model. Mainly
the new approach to continuous BBNs [33, 37] is used. To quantify the BBN
certain amount of information are needed, i.e. the strength of dependence
relations among variables in the model and marginal distribution. In the
absence of data expert judgment can be used for this quantification. Depen-
dence elicitation requires to calculate multivariate normal probabilities (by
integrating appropriate multivariate normal density).

In order to find a suitable algorithm for calculating the dependence re-
lations, in this thesis we compare two types of integration procedures for
the numerical computation of multivariate normal probabilities. The fist one
is based on Quasi-Monte Carlo, while the second on the Adaptive Multidi-
mensional Integration Routine. The best algorithm in our view is used to
quantify the Maintenance Performance Model.
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Chapter 1

Introduction

The aviation is considered as one of the safest ways of traveling in the wide
world today, however accidents and incidents still occur. If we would wish
to trace ways in which an accident occurred, we would see a chain of simple
errors that led to the event. As human plays an important role in the air
transport system, their contribution in this chain is quite essential.

Human error in maintenance can impact on safety and performance of the
whole aviation industry in a number of ways. Poor repairs, for example, can
increase the amount of malfunctions which can further influence the risks
associated with equipment failure and personal accidents. A maintenance
operator who is motivated, well trained, under no time pressure, given the
correct information, and working with equipment which has been designed
to be maintenance friendly, will likely complete all specified maintenance
tasks. However, when some of these requirements are not fulfilled, it be-
comes more likely that the maintenance work will not be fully completed. As
a result, equipment can become poorly maintained causing reduced reliabil-
ity/availability or simply direct damage to the airplane. These consequences
can increase the safety risk to the maintenance operator, other employees
and the public.

In this thesis the Maintenance Performance Model is developed as a part
of CATS project; where CATS stands for Causal Model for Air Transport
Safety. The CATS project is built by the consortium consisting of different
companies, such as: National Aerospace Laboratory (NLR), Delft University
of Technology, Det Norske Veritas (DNV) together with White Queen. The
motivation for this project is the need to a better understanding of air trans-
port accidents, so that efforts to improve safety can be made as effective as
possible. The Bayesian Belief Network is used as a modelling tool while con-
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2 CHAPTER 1. INTRODUCTION

structing CATS model and therefore the Maintenance Performance Model.
Mainly the new approach to continuous BBNs [33, 37] is used. To quan-
tify the BBN certain amount of information are needed, i.e. the strength
of dependence relations among variables in the model. In the absence of
data the expert judgment procedure can be used for this purpose, however,
it requires to calculate multivariate normal probabilities (by integrating ap-
propriate multivariate normal density).

The numerical computation of a multivariate normal probability is often
a difficult problem and has received considerable attention in the literature
[29, 35]. Many different numerical methods have been proposed (see, e.g.,
[21, 22, 1, 2, 3]). Moreover, for one- and two-dimensional problems various
reliable and efficient software are available for computing (see, e.g., [20, 19]
for one dimension problems and [13, 10] for two dimensional problems ). The
main difference between those numerical methods is based on the integration
region that they use and by the different numerical schemes which they use
in calculations.

In order to find a suitable algorithm for calculating the dependence rela-
tions, in this thesis we compare two types of integration procedures for the
numerical computation of multivariate normal probabilities. The fist one is
based on Quasi-Monte Carlo, while the second on the Adaptive Multidimen-
sional Integration Routine. The best algorithm in our view will be used to
quantify the Maintenance Performance Model.

1.1 Goal of the thesis

The main purpose of this thesis is

1. to quantify the dependencies in the continuous BBNs with use of ex-
perts judgment, and

2. to apply obtained information while building the Maintenance Perfor-
mance Model.
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1.2 Outline of the thesis

This thesis describes the results of a graduation project, carried out as part
of the Master of Science Program in Applied Mathematics at Delft University
of Technology.

The following master thesis consist of two main parts:

• description and discussion about a case study in which BBN is applied
for analysis of maintenance human performance;

• discussion about different algorithms to calculate multivariate normal
probabilities which can be used to obtain conditional rank correlations
from conditional probabilities of exceedence provided by experts.

Chapter 2, the methodology, briefly describes techniques used in mod-
elling task. Mainly, it describes Bayesian Belief Networks and way of quan-
tifying it. The procedure of assessing dependencies from the conditional
probabilities of exceedence provided by experts is presented. The applica-
tion of BBNs to model the maintenance performance is presented and dis-
cussed in chapter 3. Chapter 4 can be seen as the separate part of this thesis
where discussion and comparison between different algorithms used to cal-
culate multivariate normal probabilities is presented. Chapter 5 deals with
the description of software UniExp used in the elicitation of dependencies
among variables in the BBN. Finally, conclusions and recommendations are
presented. In the Appendices reader can find some additional information
such as basic definitions used in this thesis, or questionnaire protocol used
in elicitation of expert opinion.
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Chapter 2

Methodology

This chapter provides main information about the tools used later on in this
thesis. Only the most significant definition (as the one of BBNs) and de-
scription (process of assessing conditional rank correlations from conditional
probabilities of exceedence) are included here. We assume that the reader
is familiar with notions such as rank correlation, normal distribution, cop-
ula, etc. However to make this thesis more self contained we provide basic
definitions in Appendix A.

2.1 Bayesian Belief Network

Belief networks, also called Bayesian belief networks (BBNs), are graphical
tools used to represent a high-dimensional probability distribution. They are
convenient tools for making inferences about uncertain states when limited
information is available. Belief nets are often used for making diagnoses,
with applications to both medical science as well as various engineering dis-
ciplines, in particular to emergency planning.

BBN is directed acyclic graph in which nodes represent the variables of in-
terest, and arrows (directed edges) between these nodes indicate dependence
relations [6, 12]. The requirement that the graph be acyclic means that there
is no directed path through the graph that returns to its own starting point.
The arrows drawn between nodes represent qualitative influences which must
be quantified. In order to describe the network the following parameters have
to be specified: prior probability of all root nodes and conditional probability
functions of all other nodes given predecessors.

The BBNs with only discrete random variables have recently become a
very popular tool in modelling risk and reliability. They can be seen as the

5



6 CHAPTER 2. METHODOLOGY

simplest case of probabilistic networks. Building and working with discrete
BBNs is very efficient as long as one is not forced to quantify complex BBNs.
A high assessment burden of discrete BBNs is often caused by the discretiza-
tion of continuous variables, i.e. if a child node has 6 parents, and each node
is discretized to take 4 possible values, then the conditional probability ta-
ble for the child node contains 16384 entries (16384 conditional probabilities
must be assessed). This assessment burden can only be reduced by a drastic
discretization of the nodes, or simplification of the model.

One would wish to be able to handle models in which some or all random
variables can take values in a continuous range. Until recently, continuous
BBNs were restricted to the joint normal distribution [6, 12] for which the
‘influence‘ of the parents on a child was interpreted as partial regression co-
efficients when the child was regressed on the parents. To fully describe that
kind of BBNs for each normal variable, the unconditional mean and (by as-
sumption constant) conditional variance must be assessed together with a
conditional regression coefficient for each arc. The main disadvantage of this
approach is that assessing partial regression coefficients may be unintuitive,
especially if the variables must first undergo transformation to joint nor-
mal. Moreover adding or deleting variables requires re-assessing previously
assessed partial regression coefficients.

In this thesis the new approach to continuous BBNs [33, 37] is used.
Since no form of joint distribution is assumed this approach is called non-
parametric BBNs. In this procedure nodes are associated with arbitrary
continuous invertible distributions and arcs with (conditional) rank correla-
tions, which are realized by the chosen copula. The number of (conditional)
rank correlations is equal to the number of arcs in the BBN. Quite essential
is the fact that those conditional rank correlations are algebraically indepen-
dent and hence they can take any value between (-1,1). This approach is also
general and allows traceable and defendable quantification methods, but it
comes at a price: these BBNs must be evaluated by Monte Carlo simulation.

We explain techniques used in quantifying those BBNs on the example of
Controlled Flight into Terrain CFIT (figure 2.1) Model [5]. Here node Missed
Approach Execution is a child node of each of the parents Fuel Weight, Vis-
ibility, Crew Alertness, Speed Deviation, Mean Cross Wind and Separation
in Air. In chapter 3 we use techniques explained below to quantify Mainte-
nance Performance Model. CFIT is part of the CATS1 project the same as
the Maintenance Performance Model.

1Causal Model for Air Transport Safety
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Figure 2.1: Missed Approach Model Structure.

We see in Figure 2.1 that the number of Missed Approaches is influenced
by variables such as e.g. Separation in air, Mean cross wind etc. The expla-
nation of the nodes in the CFIT model in Figure 2.1 together with sources
of data are provided below:

1. Fuel Weight: Measured in kilograms and is the remaining fuel at
arrival based on data for 172 flights of a Boeing 737 at Schiphol airport.

2. Visibility: Measured in meters and is based on a sample of 27 million
observations over Europe.

3. Crew Alertness: Measured by the Stanford Sleepiness Scale in an
increasing scale from 1 to 7, where 1 signifies ”feeling active and vital;
wide awake” and 7 stands for ”almost in reverie; sleep onset soon;
struggle to remain awake” the distribution used for this study comes
from field studies by the Aviation Medicine Group of TNO Human
Factors in 1,295 flights.

4. Speed Deviation at 500 ft: Deviation from bug at 500 ft. The data
comes from 13,753 approaches of a major European airline.
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5. Mean Cross Wind: Usually expressed as a combination of speed
(in knots) and direction (compass course) of the wind at any direc-
tion not favorable for the aircraft, the cross wind distribution comes
from 380,000 takeoffs and landings conducted on three large European
airports.

6. Separation in Air: Longitudinal distance (in nautical miles) between
the landing aircraft and the preceding aircraft in the approach path.
The distribution was retrieved from a sample size of 2,382 landings at
Schiphol airport.

7. Missed Approach Execution: Number of missed Approach Execu-
tion per 100,000 flights at Schiphol airport. The Expectation of the
number of missed approach executions divided by 100,000 would be an
estimate of the probability of executing a missed approach maneuver.
No data is available for quantification.

To quantify the BBN we need to specify all one-dimensional marginal
distributions associated with the nodes of the BBN. In the absence of data as
in case for node Missed Approach Execution the expert judgment procedure
can be used. In this context, we briefly present in section 2.2.1 the Expert
Judgment methodology which can be used to quantify marginal distributions.
Next, the information about required rank correlation has to be provided.
The following protocol is applied [8] in order to determine which (conditional)
correlations are necessary.

1. The the sampling order for the nodes needs to be defined, such that all
ancestors of a node i appear before i in the ordering. We choose the
sampling order 1, 2, 3, 4, 5, 6, 7 for the BBN structure. Of course this
sampling order in not unique and we could have chosen a different order;
as long as nodes 1–6 appears before node 7 they can be interchanged
freely.

2. Using previously specified sampling order we can write the complete
factorization of the joint distribution as:

P (1, . . . , 7) = P (1)P (2|1)P (3|21)P (4|321)

= P (5|4321)P (6|54321)P (7|654321) (2.1)

The underscored nodes are the nodes which are not parents of the
conditioned variable and thus are not necessary in sampling of the
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conditioned variable. If we drop the underscored variables, we obtain
the standard factorization for the BBN given as follows [12]:

P (1, . . . , 7) =
7∏

i=1

P (Xi|pa(Xi)) (2.2)

where pa(Xi) denotes the parents of variable Xi (variable Xi is associ-
ated with node i).

3. For each term i with parents (non-underscored variables) i1 . . . ipa(i) in
(2.1), associate the arc ipa(i)−k → i with the conditional rank correla-
tion

{
r(i, ipa(i)), k = 0
r(i, ipa(i)−k|ipa(i), . . . , ipa(i)−k+1), 1 ≤ k ≤ pa(i)− 1.

(2.3)

where the assignment is vacuous if {i1· · ·pa(i)} 6= ∅. Assigning con-
ditional rank correlations for i = 1, . . . , 7, every arc in the BBN is
assigned a conditional rank correlation between parent and child.

Hence, the (conditional) rank correlations that need to be assigned to the
edges of BBS are: {r76, r75|6, r74|56, r73|456, r72|3456, r71|23456} as already marked
in figure (2.1). In Section 2.2.2, we present the procedure how the values of
the required conditional and unconditional rank correlations are obtained.
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2.2 Expert judgment

In many fields of science and technology, some parameters used for modeling
are not known and cannot be estimated from experiments or observation.
Then we can use experts’ knowledge about a particular topic to estimate the
required information. Roughly speaking, expert judgment is recognized as
another type of scientific data [26].

In this thesis expert judgment procedure is used for two purposes:

1. to provide information about unknown marginal distribution for vari-
able of interests and

2. to obtain information about the strength of dependence relation be-
tween variables in our model.

In this project in order to estimate the parameters (required marginal
distributions) we have used the so-called Classical Model for experts judg-
ments2.

2.2.1 Marginal distributions

In order to obtain information about the marginal distribution required in
the CFIT model, the Classical Method of expert judgment was used. It
has been introduced by [26] and applied in many risk and reliability studies
[28, 27]. The term “classical” indicates the analogy between the concepts of
this model and classical hypothesis testing. The classical model constructs
the weighted combination of expert’ probability assessments, where experts
were asked to provide their subjective probability distribution in the form
of a number of specified quantiles. Weights are derived based on the per-
formance measures and satisfy the strictly proper scoring rule. There exist
two quantitative measures of performance of experts - calibration and infor-
mation (or informativeness), which are assessed based on experts’ estimates
on so-called seed or calibration variables. These are variables from experts
field whose true values are unknown to experts when giving their opinions,
but whose values are known post hoc. Roughly, calibration measures the
statistical likelihood that a set of experimental results correspond, in a sta-
tistical sense, with the experts assessments. Information represents a degree
to which a distributions provided by experts are concentrated. For more
details, see [26].

2Only one expert was used in elicitation.
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2.2.2 Dependence relations

For full quantification of the CFIT model the information about the depen-
dence relations is still required. Therefore the (conditional) rank correlations
associated with edges need to be determined. In general it is possible that
those required conditional correlations are not constant so their values may
depend on the conditioning variables. This would significantly complicate
calculations, however. We will therefore restrict our study only to constant
conditional rank correlations. In section 2.1 we shown that rank correlation
required for quantification are: {r76, r75|6, r74|56, r73|456, r72|3456, r71|23456}.

As in the case of marginal distributions we could obtain the information
about dependencies from the data. However for that purpose we would need
to have access to reliable and applicable historical data which is in suitable
format for us. For this reason most studies make use of some form of expert
judgment. Conditional rank correlations are not elicited directly. In practice
the conditional probabilities of exceedence are more frequently asked. From
them we can retrieved the desired rank correlations by assuming a copula.
There are great advantages of using joint normal copula due to its useful
properties, such as know relationship between rank and product moment
correlation and the fact that partial and conditional correlations are equal
[8]. In general any copula that represents (conditional) independence as zero
(conditional) rank correlation can be used. In this thesis normal copula is
used. We show now how to ask for exceedence probabilities and how to
retrieve rank correlations from information provided by experts, following
explanation is based on [30].

In description below we use following notation:

• Xi is univariate random variables associated with i node in BBN,

• xi refer to the realization of random variable Xi,

• Fi denotes the cumulative distribution function of the i -th node hence
the variable Xi.

To elicit the rank correlation r76 between variables X7 and X6 , we ask
the expert the following question:

Suppose that the variable Separation in Air was observed to be
above its median value. What is your probability that the Missed
Approach Execution would also lie about its median value?
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which can be written as P (X7 ≥ x750| X6 ≥ x650)
3. By answering to this

question expert is providing us his estimate for the following probability:

P (FX7 ≥ 0.5| FX6 ≥ 0.5). (2.4)

Since we can transform FXi
(Xi) to standard normal variables by applying

the following transformation Yi = Φ−1(FXi
(Xi)) i=6, 7, the probability (2.4)

can be written now:

P (Y7 ≥ 0| Y6 ≥ 0). (2.5)

Since rank correlation is invariant under strictly increasing transforma-
tion, the problem of finding the required rank correlation can be now treated
as the problem of finding correlation r76 for joint normal distribution for
which the conditional probability is (2.5).

The standard bivariate normal distribution of variables Y7 and Y6 has a
density function which depends on their product moment correlation ρ76:

f(y7, y6) = f(ρ76) =
1

2π
√

1− ρ2
76

exp

(
−y2

2 − 2ρ76y2y1 + y2
1

2(1− ρ2
76)

)
(2.6)

where ρ76 is a parameter in [-1, 1], and (Y6, Y7) ∼ N

([
0
0

]
,

[
1 ρ76

ρ76 1

])
.

The conditional probability becomes:

P (Y7 ≥ 0| Y6 ≥ 0) =
P (Y7 ≥ 0, Y6 ≥ 0)

P (Y6 ≥ 0)
=

P (Y7 ≥ 0, Y6 ≥ 0)

1/2

= 2P (Y7 ≥ 0, Y6 ≥ 0)

= 2

∫ ∞

0

∫ ∞

0

f(y7, y6) dy7 dy6 (2.7)

We can first find ρ76 and then using Pearson transformation [24] obtain
corresponding value of r76. Where the Person transformation is [24]:

ρ76 = 2 sin
(π

6
r76

)

The main disadvantage of joint normal distribution is that it does not
have a close analytical form for joint normal distribution and therefore the
integral in (2.7) needs to be evaluated numerically. The relationship between
rank correlation r76 and the conditional probability from (2.7) is presented
in figure (2.2).

3Here the median value is used, but in practice we could use any other quantile value.
However, then the resulting rank correlation is dependent on the choice of copula.
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Figure 2.2: Conditional Probability P (Y7 ≥ 0| Y6 ≥ 0) versus r76.

When we know the value of P (Y7 ≥ 0|Y6 ≥ 0) the corresponding value
of rank correlation r76 can be read from this figure. We should notice here
that:

• if P (Y7 ≥ 0|Y6 ≥ 0) = 0 then ρ76 = -1;

• if P (Y7 ≥ 0|Y6 ≥ 0) = 1 then ρ76 = 1;

• if P (Y7 ≥ 0|Y6 ≥ 0) = 0.5 then ρ76 = 0;

When an expert stated that the value of P (X7 ≥ x750| X6 ≥ x650) =
0.7, then from figure (2.2) we read that r76 = 0.57. At this point we can
already notice that to evaluate unconditional rank correlation between two
random variables we need to have fast and accurate algorithm for numerical
computation of double integral.

In the next step rank correlation between Missed Approach Execution
and Mean Cross Wind conditioning on value of Separation in Air must be
assessed. The expert is asked to state the value of P (X7 ≥ x750| X5 ≥
x550 , X6 ≥ x650) as follows:

Suppose that not only the variable Separation in Air but also
variable Mean Cross Wind are observed to be above their median
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values. What is your probability that in this case the Missed Ap-
proach Execution would also lie about its median value?

After transformation of variables X7, X6, X5 to normals Y7, Y6, Y5 we
get that the following probability is provided:

P (Y7 ≥ 0| Y5 ≥ 0, Y6 ≥ 0). (2.8)

We can notice that in our example (figure 2.1) variables X5, X6 are
independent and therefore also Y5, Y6 are independent. Using vector notation
y765 = (y7, y6, y5) ∈ <3, we can write the trivariate joint density function
as:

f(y765) =
1√

8π3|Σ765|
exp[−1

2
(y765)Σ

−1
765(y765)

′] (2.9)

where Σ765 =




1 ρ76 ρ75

ρ76 1 ρ65

ρ75 ρ65 1


 =




1 ρ76 ρ75

ρ76 1 0
ρ75 0 1


 is covariance matrix,

with determinant |Σ765| = 1 − ρ2
76 − ρ2

75. The value of correlation ρ76 was
assessed by expert in previous step.

Relationship between ρ75 and probability obtained from experts is

P (Y7 ≥ 0| Y5 ≥ 0, Y6 ≥ 0) =
P (Y7 ≥ 0, Y5 ≥ 0, Y6 ≥ 0)

P (Y5 ≥ 0, Y6 ≥ 0)
= (2.10)

= 4

∫ ∞

0

∫ ∞

0

∫ ∞

0

f(y765). dy7 dy6 dy5

We can determine the relationship between ρ75|6 and conditional prob-
ability (2.10) benefiting from useful properties of normal copula. Knowing
values of ρ76, ρ75 and ρ65 we can calculate partial correlation ρ75|6 by [15]:

ρ75;6 =
ρ75 − ρ76 · ρ65√
1− ρ2

76

√
1− ρ2

65

. (2.11)

Since for joint normal distribution partial and conditional correlations are
equal, hence ρ75;6 = ρ75|6 and with Pearson transformation we can obtain
r75|6. Figure (2.3) shows relationship between r75|6 and conditional probabil-
ity (2.10), where previously assess r76 = 0.57.

We should notice here that possible values for probability P (Y7 ≥ 0| Y5 ≥
0, Y6 ≥ 0) are now restricted to interval [0.4, 1]. We can explain this
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Figure 2.3: Conditional Probability P (Y7 ≥ 0| Y5 ≥ 0, Y6 ≥ 0) versus r75|6.

fact in the following way. While expert provides his estimate for P (X7 ≥
x750| X6 ≥ x650) he/she describes how much information (variability) of X7

is explained by X6. Therefore the P (X7 ≥ x750| X5 ≥ x550 , X6 ≥ x650)
can only explaine remaining part of information about X7 that was not ex-
plained already by X6. If expert would think that variables X7 and X6 are
independent, so P (X7 ≥ x750| X6 ≥ x650) = 0.5 then the possible values for
P (X7 ≥ x750| X5 ≥ x550 , X6 ≥ x650) would be again the whole interval [0, 1].

One can read from figure (2.3) that when an expert provides his assess-
ment P (X7 ≥ x750| X5 ≥ x550 , X6 ≥ x650) = 0.5 the corresponding condi-
tional rank correlation r75|6 is equal to -0.71.

For higher order conditional rank correlations we apply similar routine to
the one just described. At each step the expert is asked to state the value
of corresponding conditional probability where one additional conditioning
variable is added. The relationship between the required conditional rank
correlation and the conditional probability is found by integrating appropri-
ate normal distribution.

One difficulty of using the approach to obtain conditional rank corre-
lation for BBNs can be noticed. Namely, fast and accurate algorithm to
calculate multivariate normal probabilities is needed. In order to calculate
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the conditional rank correlation where we condition on n random variables,
the n+2 dimensional normal cumulative distribution needs to be calculated.
This requirement is a motivation for our survey between different accessible
algorithms which can be seen in chapter 4 of this thesis.

2.3 Updating

In the previous section the (conditional) rank correlations required to sample
the BBN structure of the CFIT model shown in Figure 2.1 were obtained.
Marginal distributions of each variable are derived from data or as described
in Section 2.2.1 from expert judgment. As we have mentioned at the begin-
ning of this chapter these information together with the copula assumption
are sufficient to determine the whole joint distribution [33].

The main use of BBNs is in decision support, and in particular updating
on the basis of possible observations. In the following section we aim to
update our beliefs in the CFIT model given some observations. If for instance,
new policies are proposed to be implemented, updating the BBN structure
allows us to evaluate the impact of such policies on our variable(s) of interest.

In [18] techniques of dealing efficiently with the joint distribution when
evidence becomes available (updating the BBN) are discussed. In this the-
sis the Normal Copula Vine Approach, which is implemented in a software
application, called “UniNet”4 is used. Since in this method all the calcula-
tion are performed on a joint normal vine [37], any conditional distribution
can be computed analytically (which also will be normal with appropriate
mean and variance). Finding the conditional distribution of the correspond-
ing original variables is just a matter of transforming it back using the inverse
distribution function of these variables and the standard normal distribution
function. This simulation is performed very fast. Figure 2.4 presents CFIT
model with assigned rank correlations and marginal distributions. At the
bottom of each histogram the expectation (and standard deviation after the
±) of each variable is shown.

The expectation of the number of missed approach executions divided
by 100,000 would be an estimate of the probability of executing a missed
approach maneuver. When there is no evidence available this probability is
equal to 0.00179. Let us suppose that we know before the flight that the
crew did not have enough sleep and moreover we observed that separation

4UniNet has been developed for the Project commissioned by the Dutch Ministry of
Transport. Currently is still under development.
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Figure 2.4: MissedAppoach Model Structure.

in air between the landing aircraft and the preceding aircraft is equal to 2
nautical miles (figure 2.5).

Figure 2.5: Conditional Missed
Approach Model Structure.

Figure 2.6: Conditional Missed
Approach Model Structure.

The probability of executing a missed approach maneuver increases in
this case to 0.0026. Let us assume additionally that Mean Cross Wind is
equal to 0.1 Kt (figure 2.6). We can notice that this requirement “improves”
situation and the expectation of the number of missed approach executions
on 100,000 flights is equal to 185.

Similar type of analysis will be performed for the Maintenance Perfor-
mance Model.
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Chapter 3

Maintenance Performance
Model

3.1 Overview

Human error in maintenance can impact on safety and performance in a
number of ways. Poor repairs, for example, can increase the amount of
breakdowns which can increase the risk associated with equipment failure
and personal accidents. The aircraft maintenance human factors is said to
be one of the last ”frontiers” that can have significant impact on aviation
safety. Industry statistics show that human error contributes to nearly 80%1

of airline accidents and incidents, as illustrated on figure 3.1 . This figure
includes all aspects of human factors such as operations, maintenance, and
air traffic control.

Because aviation systems are continually improving, the aircraft devices
seldom fail. Humans, rather than equipment, are more likely to be at the
root cause of an accident or incident. Therefore, the best opportunity for
safety improvement is to understand and manage the human factors that
pose safety risks.

In the next sections we build the model for human performance in main-
tenance aviation industry. We try to recognize the most influential factors
for the maintenance crew and propose a way of quantifying them. For the
quantification part we turn our attention for the data available and in case

1“Improving the Continued Airworthiness of Civil Aircraft”, A Strategy
for the FAAs Aircraft Certification Service, National Research Council, 1988,
http://books.nap.edu/html/airworthiness/

19
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Figure 3.1: Accident & Incident Related to Human Error vs. Mechanical &
Other Failures,http://amelia.db.erau.edu/hfami/StrategicProgramPlan.pdf.

of absence of data to expert judgment.

3.2 Building a model

Human behavior is difficult, if not impossible to predict. However, there are
some common factors which influence this behavior. With the use of BBNs
we are able to graphically represent the fact that ‘elements‘ may influence
and react with each other. Below we present the most important in our opin-
ion features which influence the maintenance crew with a short description
clarifying our choice. Moreover the one dimensional marginal distribution
for each node are assessed. A combination of techniques can be used for this
quantification. The use of historical data is often preferred, however, not al-
ways available. Expert Judgment is used in these cases. To ensure objectiv-
ity and transparency, it is essential that the expert opinions are obtained via
a traceable, structured process ([34]). To complete the Maintenance Perfor-
mance model the quantification of rank correlation for edges is also presented.

The first task while building the Maintenance Performance Model is to
point out the most influential factors on human behavior. Moreover the
dependence relations among them needs to be specified. On figure 3.2 the
structure of our model is presented. Explanation why factors like: alertness,
working condition, communication, aircraft generation, job training and ex-
perience are taken into account can be found in section 3.2.1.
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Figure 3.2: Maintenance Human Performance Model - structure.

3.2.1 Model variables

Alertness

Historically, sleep has been viewed as a state when the human organism is
turned off. Scientific researchers have defined that sleep is a complex, active
physiological state which is essential to human survival. Like human re-
quirements for food and water, sleep is a vital physiological need. When an
individual is deprived of food and water, the brain provides specific signals-
hunger and thirst to drive the individual to meet these basic physiological
needs. Similarly, when deprived of sleep, the physiological response is sleepi-
ness.

How much sleep does an individual need? An individual requires the
amount of sleep necessary to achieve full alertness and the highest level of
functioning during working hours. There is a range of individual sleep needs
and, though most adults will require about 8 hours of sleep, some people
need 6 hours while others require 10 hours to feel wide awake and function
at their peak level during wakefulness.

As some of the effects of not enough sleep we can consider: reduced reac-
tion time, impaired short-term memory, decreased vigilance, reduced moti-
vation, increased irritability, and an increase in the numbers of errors made,
among others. Sleep deprivation is not the only cause of decreasing of alert-
ness state. Among other causes we can distinguish i.e. too strong lighting
or too much noise. However, time-on-duty and time-since-awake are com-
mon criteria researchers use to measure alertness (also called fatigue) based
on their unambiguous definitions. In our project, alertness is defined as the
total number of hours slept by the mechanic from the maintenance crew.
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Data about hours of sleep of aircraft mechanics is obtained from [23].
Sleep data was collected using Actiwatch measurement equipment, which
participants were asked to wear 7 days a week, 24 hours a day, for two weeks.

Shift N2 Minimum Maximum Mean
Day 30 3:24 6:38 5:06

Afternoon 19 2:40 6:31 5:00
Night 12 4:01 6:09 5:04
All 61 2:40 6:38 5:05

Table 3.1: Summary of Sleep Data.

A minimally informative distribution is fitted to the this data assuming
the 3 point estimates (minimum, median and maximum hours of sleep of all
participants) represent the 5th 50th and 95th percentiles of a continuous
distribution function 3.3.

Figure 3.3: Cumulative distribution function for Alertness.

Experience

Usually the maintenance worker works in a specific aviation company ”for
years”. However this years of experience between the crew members can be
different. Mechanics just after concluding their studies do not possess yet
such a useful practical experience as a person with 20 years of professional
experience. From the other side his/her theoretical knowledge can be wider
and includes most of latest innovations.
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We define Experience as the total number of years worked by the me-
chanic in the aviation industry. Data on experience of aircraft mechanics is
obtained from a Bureau of Labor Statistics3. Data about years of experience
is presented in table 3.2.1.

Experience in years % of crew
3 or less years 22.8%

4 – 9 years 28.5%
10 – 19 years 16.2 %

more than 20 years 32.5%
Median 9.4 years

Figure 3.4: Experience of aircraft mechanics in years.

By looking at characteristic of data about years of Experience we can no-
ticed that 67.5% of the whole population of workers have less than 20 years
of experience. We can noticed that highest % of crew has more than 20 years
of experience. To describe this data we could use four valued discrete distri-
bution, however this approach is not so successful later while conditioning.
Since we could only condition on intervals 0-3, 4-9, 10-19 or >20, and not
on single values. Therefore instead of using discrete distribution to describe
this data, we assume the continuous gamma distribution4, which allows us
late to conditionize on single values.

Aircraft generation

Nowadays in the aviation industry we can see different types of aircraft.
New aircraft are becoming more sophisticated and complex, since they rely
on composite construction and integrated electronics. However, aviation or-

3The BLS is an independent national statistical agency that collects, processes, ana-
lyzes, and disseminates essential statistical data to the American public, the U.S. Congress,
and other Federal agencies, State and local governments, etc.

4The density of the gamma distribution is as follows:

g(x; α, β) = xα−1 βα e−β x

Γ(α)
for x > 0.

To describe the distribution of experience the gamma distribution with parameters α =
1.2, β = 0.098 was used.
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ganizations are still keeping older aircraft in service. Therefore the mainte-
nance job for some type of aircraft can be easier than for others. From one
side, we can suspect that older types of aircraft are easier to maintain that
the newest one, since they contain a little bit less complicated systems in
them. Some of the subsystems did not exist in earlier models, but exist now
and have to be checked and repaired as well. However, from the other side
while maintaining latest types of aircrafts worker can rely on quite accurate
computer systems of measurements which makes the maintenance task easier.

Data on aircraft generation is obtained from “Shiphol Statistical Annual
Review 2000-2002”. This data was sorted by a scale from 1 to 4 where 4 is
the most recent generation of aircrafts, and 1 denoted the oldest generation
of aircrafts nowadays used. The detailed specification which types of the
aircraft belongs to which generation can be found in Appendix B.

Type of the aircraft participation
1 0.092%
2 5.908%
3 91%
4 3%

Table 3.2: Summary of Aircraft Generation data.

Working conditions

Aviation maintenance working conditions has many features in common with
other industries. The physical facilities in which aviation technicians work,
however, are unique. No other industry uses aircraft hangars as its primary
work-site. The primary reason for using hangars is obvious, of course. Avia-
tion maintenance technicians work on airplanes, and hangars are needed to
shelter aircraft and workers. However there are a number of situations when
the aircraft needs to be maintained outside the hangar. Probably when there
are small repairs to perform, or due to time constrains. As the part of work-
ing conditions we could also distinguish if the worker need to deal with heavy
parts being moved around, with rotating machinery, with toxic or hazardous
materials, or with work locations that is above the ground. Although the
above factors are considered of significant influence for the working condi-
tion node, the suitable definition combining all these effects appeared to be
difficult to find or quantify. Therefore the only distinguish is made whether
the work is performed outside or inside the hangar. The marginal distribu-
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tion for this node is retrieved by expert judgment.

Figure 3.5: C-17 hangar facility at McGuire Air Force Base, New Jersey,
April 5, 2006

Job training

Aviation maintenance has changed over the years. Newer aircraft contain
materials, power plants, and electronic subsystems that did not exist in ear-
lier models, and the number of older aircraft has increased. Technicians
use more and more sophisticated equipment and procedures. It is under-
standable that to match these increasing requirements the workmen need to
update their certain maintenance-related skills all the time. Moreover, avi-
ation maintenance workers must maintain the skills and knowledge required
to keep a wide variety of both new and old aircraft flying. It is reasonable
to assume that there is interrelation between number of years of experience
and the average number of job trainings.

For this node the average number of job trainings per year is used as
formal definition for the quantification. In the absence of data we conduct
the expert judgment elicitation.

Communication

Most of mechanics working in the aviation industry deal with the situation
when the maintenance tasks often span for more than one shift. This requires
information to be passed from one shift to the next. Shift turnover and
therefore the information transfer can be a source of many errors, mostly
due to the fact that information transfer can take various ways. For example,
during a shift turnover there can be a meeting in the maintenance hangar.
In this case the communication between one and another shift is through
person-to-person communication. In this situation speech can be seen as
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a tool of communication. Information can be left in form of paper notes
in workcards, or through the computer display equipment. At the extreme
situation we can look when no informations are shared between shifts. Since
the population which we consider refers to aircraft mechanics in western
countries, situation in which no informations are shared between the shifts
is hardly possible. In our project we define communication as the current
messages transfer procedure in use, where we distinguish 2 categories:

1. only paper notes,

2. paper notes with oral feedback.

Also in this case expert judgment is used as the source for marginal distri-
bution function.

The last variable is human error, which is our primary goal of interest.

Human Error

Formal definition of this node is: number of maintenance human errors that
might lead to hazardous situations per 10,000 maintenance tasks. In this
definition the word task is used instead operation, since one task can consist
of few operations, i.e. replacement of the particular electrical device can be
divided into following steps: unscrew the old device; disconnecting and re-
moving old device; connecting and putting in place new device; screw new
devise. In this thesis we are mostly interested in number of human error in
the context of performed tasks rather than operations. Currently, we do not
have any data about the number or probability of human error among main-
tenance crew and marginal distribution for this node is obtained through
expert judgment procedure where the expert was asked to assess his/her 5%,
50%, and 95% quantile of their cumulative distribution function. However
in the future those information will be obtained from data provided by DNV5.

Table 3.3 presents the nodes considered in the Maintenance Performance
Model together with their formal definitions and source of data for marginal
distribution.

5Det Norske Veritas
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Source for
Node Definition Unit # marginal

distribution

Human Number of maintenance human errors that Number of Expert
Error might lead to hazardous situations per 10,000 errors 7 Judgment

maintenance tasks
Job Average number of training per year Number of 1 Expert
training trainings Judgment
Alertness Average number of hours an aircraft mechanic

sleeps per day
Number of
hours

2 Data

Current information transfer procedure in use, Expert
Communication distinguishing: 1. only paper notes, 1 – 2 3 Judgment

2. paper notes with oral feedback
Experience Average number of years a person worked as Number of 4 Data

aircraft mechanic years
Working Average number of maintenance operations Expert
Conditions needed to be performed 1.out-side / 2. inside 1 – 2 5 Judgment

the hangar per 10,000 maintenance operations
Aircraft Aircraft generation in scale from 1 to 4 where 1 – 4 6 Data
Generation 4 is the most recent generation of aircrafts

Table 3.3: Variables used in Maintenance Performance Model.

Having defined the model variables, their (inter)relations are defined in
the model structure as in Figure 3.6. Each variable identified in 3.3 is a node
in the model structure.

Figure 3.6: Maintenance Performance Model.
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3.2.2 Quantification of the model

To quantify the model the marginal distributions need to be obtained to-
gether with (conditional) rank correlations specified by edges. In the table
3.3 we can see that for only three variables the data for marginal distribution
is available. In case of variables: Working Condition, Communication, Job
Training and Human Error the expert judgment elicitation protocol needs
to be performed. Moreover the conditional rank correlations that are rep-
resented by arrows in the model must be determined from the conditional
probabilities of exeedence provided by expert. The following order of the
variables for elicitation is assumed: 4, 2, 3, 1, 5, 6.

A prototype elicitation using the method previously described (section
2.2.1, 2.2.2) was performed at NLR6 on June 14th with a single expert who
is a researcher for NLR. Expert were asked in total 11 questions, which 4
of them were used to assign marginal distribution to variables via classical
method of expert judgment. To capture his uncertainty we asked expert to
specify his 5%, 50% and 95% quantile of uncertainty distribution for each
variable of interest. Later, to build expert distribution we find minimum in-
formation distribution with respect to background measure satisfying experts
quantiles. The last 7 questions corresponds to conditional probabilities from
which we obtained corresponding conditional rank correlations as described
in section (2.2.2). Elicitation protocol used for this purpose can be found in
Appendix C. In this questionnaire, it is assumed that the population consid-
ered refers to aircraft mechanics in western countries. In case of airplanes
we consider the population of Western-built large aircrafts currently flying in
commercials operations worldwide. Moreover, while asking about conditional
probabilities expert was provide with bound for conditional probabilities only
after his assessment was obtained to check correctness.

The results from the elicitation of dependencies are summarized in Table
3.4. Those numbers were calculated with software tool UniExp7.

6National Aerospace Laboratory
7Description of the software UniExp can be found in Chapter 5.
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Value of interest Index P r

r4,1 4:Exp, 1:JobT 0.4 -0.3
r7,4 7:HE, 4:Exp 0.45 -0.15

r7,2|4 7:HE, 2:Alert ‖ 4:Exp 0.3 -0.44

r7,3|2,4 7:HE, 3:Com ‖ 2:Alert, 4:Exp 0.295 -0.15

r7,1|2,3,4 7:HE, 1:JobT ‖ 2:Alert, 3:Com, 4:Exp 0.2 -0.32

r7,5|1,2,3,4 7:HE, 5:WCond ‖ 1:JobT, 2:Alert, 3:Com, 4:Exp 0.18 -0.31

r7,6|1,2,3,4,5 7:HE, 6:AG ‖ 1:JobT, 2:Alert, 3:Com, 4:Exp, 5:WCond 0.179 -0.03

Table 3.4: Results from elicitation of dependencies for Maintenance Perfor-
mance Model.

Therefore obtaining all required information (marginal distributions and
conditional rank correlation) the Maintenance Performance Model can be
quantified. In figure 3.7 we can see how (conditional) rank correlations are
assigned to each arc of the BBN, together with marginal distribution to each
node.

Figure 3.7: Maintenance Performance Model - quantified.

In ([33]) is shown that rank correlation specification on a BBN plus copula
determines the whole joint distribution. In the following section we analyzes
updating the conditional probability of the Human Error given some obser-
vations on certain variables.
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3.3 Analysis of the model

In the previous section the (conditional) rank correlations required to sample
the BBN structure of the Maintenance Performance model shown in Figure
3.7 were obtained. In the following section we aim to update our beliefs in
the Maintenance Performance model given some observations. If for instance,
new policies are proposed to be implemented, updating the BBN structure
allows us to evaluate the impact of such policies on our variable(s) of interest.
Software application, called UniNet is used for simulations.

In table 3.3 the nonzero unconditional rank correlations are presented.

Unconditional Rank Correlation
JobT Alert Com Exp WorkCond AG

HE -0.216 -0.434 -0.132 -0.15 -0.235 -0.0232

JobT
Exp -0.3

Table 3.5: Unconditional Rank Correlations for MPM.

We can notice that all of the model variables are negatively correlated
with variable Human error. The negative rank correlation can be understood
roughly as a degree to which one variable takes high values when the other
takes low values, therefore while we conditionize on hight values (above me-
dian) of Job Training, Alertness, etc., we observe that the estimated number
of Human Errors is decreasing.

Moreover, from table 3.3 can be noticed that the variables Job train-
ing and Experience are also negatively correlated. This can be explained in
the following way: expert believes that new employee, which just entered
the company and does not have many years of experience, will receive more
trainings than the person which works already for many years. Therefore
the average number of training for new employee is higher than for “older”
employee.

In Figure 3.8 we can see the Maintenance Performance Model with as-
signed conditional rank correlations and marginal distributions. At the bot-
tom of each histogram the expectation (and standard deviation after the ±)
of each variable is shown. The expectation of the number of human errors
divided by 10,000 would be an estimate of the probability of human error
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per tasks. When there is no evidence available this probability is equal to
2.66 ∗ 10−5.

Figure 3.8: Maintenance Performance Model - quantified.

From table 3.3 we can noticed that the highest rank correlation in the
absolute value is between the variables Human error and Alertness and is
equal to −0.434. We can observe how low values of the Alertness, which
means that the maintenance worker feels asleep and is not fully awake, in-
fluence the total chance of making mistake (committing error) on figure 3.9.

Figure 3.9: Conditional distributions of X7|Alert = 3.
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In Figure 3.9, the conditioning is performed on the value of the Alert-
ness equal to 3 hours, which is equal to its 13 quantile. Such low amount of
sleep can highly influence the behavior of worker and the amount of possible
mistakes he/she commits. The expectation of the number of human errors
increased in this situation from 2.66 · 10−5 to 4.2 · 10−5.

We can observe on figure 3.10 how previously obtained expected number
of human error changes, when we now consider that the work is performed in-
side the hangar (which is more probable), together with the fact that worker
is well trained.

Figure 3.10: Conditional distributions of X7|Alert = 3, JobT = 2.5,
WorkCond = inside.

We should remained in this point that the variables Job Training and
Experience are negatively correlated, and conditioning on high values of one
variable effect that the other takes low values. The unconditional distribu-
tion of Experience is shown in grey behind the black histogram representing
the conditional distribution of Exp|JobT = 2.5. When turning our attention
to variable human error we can notice that in this situation the conditional
mean is equal to 0.302 with standard derivation 0.331 human errors per
10,000 maintenance tasks. This is still a worst results than in the situation
where no conditioning is performed, figure 3.8.
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Figure 3.11: Conditional distributions of X7|Alert = 3, JobT = 2.5,
WorkCond = inside, Exp = 9.

To obtained the expected number of human errors similar to the one when
no conditioning is performed, we would required additional information that
worker has at least 9 years of experience.

By this simple example we can see how strong influence the variable
Alertness has. To neglect the effect of insufficient sleep three additional in-
formation are required, namely that the task needs to be performed inside
the hangar, that mechanic is well trained and moreover he/she has at least
9 years of experience.

Now, the joint distribution of the Maintenance Performance model is
shown in Figure 3.12. Similar way of conditioning as previously described
can be performed also in this situation. We can conditionalize this whole joint
distribution on low values of the Alertness as presented in Figure 3.13. This
visual representation allows us to observe the effect of this conditionalization
on the whole joint distribution.
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Figure 3.12: Cobweb plot of the joint distribution of the Maintenance Per-
formance model.

Figure 3.13: Cobweb plot of the Maintenance Performance conditionalized
in low values of the Alertness.
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We should state here that conditionalization is a ”rough” way of carrying
out a sensitivity analysis. In this way we simply evaluate the importance of
the variables by just ”guessing” or conditionalizing on different values of the
variables, which are relevant in our criterion or client’s criterion. However,
the appropriate way of investigating the importance of some variable(s) for
the maintenance performance is to calculate the correlation ratio8. This is
accomplished below.

To carry out the sensitivity analysis several statistical and sensitivity
measures are obtained by using the Sensitivity Analysis program [9] as part
of Unicorn9, based on 104 samples derived from a BBN created in UniNet.

The “predicted variables” are those whose behavior we want to explain in
terms of other variables, called the “base variables”. Here we are interested
in the variable Human error, and we want to see how this variable depends
on the variables JobT, Exp, Alert, Com, WorkCond and AG.

Table shows the sensitivity indices and statistics obtained by relating the
Human error to each variable. These include: The product moment correla-
tion, the Spearman rank correlation, the regression coefficient, the correlation
ratio and the partial correlation coefficient.

Product Partial
Id Predicted Base moment Rank Regresion Correlation corelation

variable variable correlation correlation coefficient ratio coefficient
1 HE JobT -0.1723 -0.2119 -0.0637 0.0326 -0.2371
2 HE Alert -0.3799 -0.4324 -0.0988 0.1539 -0.3951
3 HE Com -0.0711 -0.0842 -0.0765 0.0051 -0.0871
4 HE Exp -0.1356 -0.1681 -0.0043 0.0231 -0.2023
5 HE WorkCond -0.163 -0.173 -0.1727 0.0266 -0.1759
6 HE AG -0.0045 -0.0048 -0.0052 0.0002 0.0028

Table 3.6: Sensitivity indices for the predicted variable HE and a given base
variable.

Each row in Table 3.6 shows the sensitivity indices for a given base vari-
able, for the predicted variable HE. Note that Alert has the highest correla-
tion ratio to the Human Error ; while AG has the smallest.

8Refer to [8] for mathematical details concerning this sensitivity indices. In the Ap-
pendix A the definition of correlation ratio is presented as well.

9Unicorn (Uncertainty Analysis with Correlations tool) developed at the Department
of Mathematics of Delft University of Technology, The Netherlands.
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In the BBN for the Maintenance Performance model the variable Alert-
ness, which represents the average number of hours an aircraft mechanic
sleeps per day is considered the most representative variable to explain the
number of maintenance human errors that might lead to hazardous situa-
tions Human error. The generation of the aircraft on which maintenance
task is performed is the considered as the less representative variable for
Human error. The correlations ratio for variables Job Training, Experience
and Working Condition are similar, therefore they effect on Human Error is
comparable.



Chapter 4

Multivariate Normal
Probability

Multiple integrals occur in a great variety of practical application. Very often
there are just two or three integration variables (in which case the integral
is said to be two-dimensional or three-dimensional). For low dimensional
problems of this kind, the traditional method of integration are generally
satisfactory and widely discuss in literature, see e.g. [14]. However there
is increasingly a demand for cost-effective methods for high-dimensional in-
tegrals. There are often used in problems as, for example, in the quantum
mechanics of atoms, molecules, or nuclei, or the theory of probability.

The need to perform fast calculations of multivariate normal probabilities
arises also in process of quantifying the CATS model. As mentioned in pre-
vious sections non-parametric continuous BBN is used there as a modelling
tool. In section 2.2.2 process of obtaining information about the dependence
relations from the conditional probabilities of exeedence provided by experts
is presented. In order to calculate those rank correlations the multivariate
normal cumulative distribution needs to be calculated.

A common problem in many statistic computations is that of finding the
probability of a multivariate normal random variable over a rectangle. We
begin with the formal definition of the problem.

Let an n-dimensional rectangle (a,b)=(a1, b1)× (a2, b2)× (an, bn), and a
symmetric n x n positive define matrix Σ and a n-dimensional vector µ be

37
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given. The problem is then to find

F (a,b) =

∫ b1

a1

. . .

∫ bn

an

1√
|Σ|(2π)n

e−
1
2
(x−µ)′Σ−1(x−µ) dx (4.1)

where x = (x1, x2, . . . , xn).

Some components of a and b may be infinite, and if a = (−∞, . . . ,−∞),
then F (a, b) is the value of the distribution function F (b). Without loss of
generality we assume further that Σ is a correlation matrix with ones on the
diagonal, that is diag(Σ) = (1,. . . , 1) and µ = 0 (we can standardize each
component by subtracting its mean and dividing by its standard deviation
[8]).

In the next section we describe several methods for calculating the mul-
tivariate normal probabilities.

4.1 Genz’s transformation

The main idea of this method is to transform the original integral into an
integral over a unit hyper-cube [0, 1]n by a sequence of elementary transfor-
mations.

The sequence begins with the Cholesky decomposition transformation x
= Cy, where C is the Cholesky factor of Σ, that is, C is lower triangular
matrix and Σ = CC ′.

Now

x′Σ−1x = (y′C ′)((C ′)−1C−1)(Cy) = y′y

and d x = |C|d y = |Σ|1/2dy.

Moreover, the inequality a ≤ x = Cy ≤ b is decomposed into the follow-
ing set of inequalities:

a1 ≤ y1 ≤ b1(
ai −

∑i−1
j=1 cijyj

)
/cii ≤ yi ≤

(
bi −

∑i−1
j=1 cijyj

)
/cii, i = 2, . . . , n.
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The integral (4.1) is therefore transformed into the iterated integral

F (a,b) =

∫ b1

a1

1√
2π

e−y2
1/2

∫ b′2(y1)

a′2(y1)

1√
2π

e−y2
2/2. . .

. . .

∫ b′n(y1,...,yn−1)

a′n(y1,...,yn−1)

1√
2π

e−y2
n/2 dyn, . . . dy1 (4.2)

where

a′i(y1, . . . , yi−1) =

(
ai −

i−1∑
j=1

cijyj

)
/cii,

and

b′i(y1, . . . , yi−1) =

(
bi −

i−1∑
j=1

cijyj

)
/cii.

Next, each yi is transformed separately using yi = Φ−1(zi), where Φ(t) =∫ t

−∞
1√
2π

e−t2/2 dt is the standard univariate normal distribution function.

After these transformation, F(a,b) becomes

F (a,b) =

∫ h1

g1

∫ h2(z1)

g2(z1)

. . .

∫ h′n(z1,...,yz−1)

g′n(z1,...,zn−1)

dzn, . . . dz1 (4.3)

where one defines
g1 = Φ(a1),
h1 = Φ(b1),
g2(z1) = Φ((a2 − c12Φ

−1(z1))/c11),
h2(z1) = Φ((b2 − c12Φ

−1(z1))/c11),
and for general i = 3, . . . , n,

gi(z1, . . . , zi−1) = Φ((ai −
∑i−1

j=1 cijΦ
−1(zj))/cii),

hi(z1, . . . , zi−1) = Φ((bi −
∑i−1

j=1 cijΦ
−1(zj))/cii).

The integrand in the form (4.3) is much simpler than the original in-
tegrand (4.1). The integration region is more complicated, however, and
cannot be handled directly with standard numerical multiple integration al-
gorithms. Therefore, the transformation zi = gi + wi(hi − gi) standardizes
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the integration region, giving

F (a,b) = (h1 − g1)

∫ 1

0

(h2(w1)− g2(w1))

∫ 1

0

. . .

= · · ·
∫ 1

0

(hn(w1, . . . , wn−1)− gn(w1, . . . , wn−1)) dwn−1 . . . dw1 =

=

∫ 1

0

∫ 1

0

. . .

∫ 1

0︸ ︷︷ ︸
n−1 integrals

f(w)dw (4.4)

where
gi(w1, . . . , wi−1) = Φ((ai −

∑i−1
j=1 cijΦ

−1(gj + wj(hj − gj)))/cii),
and

hi(z1, . . . , zi−1) = Φ((bi −
∑i−1

j=1 cijΦ
−1(gj + wj(hj − gj)))/cii).

With the sequence of transformation described here F(a, b) becomes now
an integral of f(w) = (h1 − g1) · · · · · (hn − gn) over the (n - 1)-dimensional
unit hypercube (since each integrand hi − gi is independent of wi and the

innermost integral
∫ 1

0
dwn = 1 can be ignored).

This sequence of transformations has also forced a priority ordering on
the integration variables. The w1 variable is the most important one, because
all of the integrand factors fi for i > 1, depend on it. The w2 variable is the
next most important one, and so on. Due to Genz [1] the method works best
if the components are pre-sorted, so that the innermost integration has the
most ”weight”. This can be done statically (i.e., by sorting the components
once in increasing order of Φ(bi)− Φ(ai)) or dynamically.

Both of the two algorithms described below use Quasi-Monte Carlo method
for computation, however the way of choosing quasi-random integration point
set is different. Therefore we will first describe the main idea of Quasi-Monte
Carlo method.

4.1.1 Quasi-Monte Carlo method

Monte Carlo (MC) methods are numerical techniques that exploit the stochas-
tic properties of a problem to find a solution. The basic idea consists in
drawing random samples from the relevant variables, and then using these
samples to derive the required inferences. Below the idea of choosing random
sample is explored in more details.
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The problem is to approximate the integral of a function f as the average
of the function evaluated at a set of points w1, . . . , wN .

If :=

∫

[0,1]s
f(x) dx. (4.5)

In the Regular Monte Carlo we let w1, . . . , wN be realizations of s-dimensional
random vector W uniformly and independently distributed on the s-dimensional
unit cube [0, 1]s (thus each wj is a vector of s elements). Then the arithmetic
average

FMC =
1

N

N∑
j=1

f(wj) (4.6)

approximates the E[f(x)] =
∫

[0,1]s
f(x) dx. Using the law of large numbers,

it is possible to show that this estimate asymptotically converges to the If
[17].

The key property of the random sequence is its uniformity, so that all
subsequences are well spread throughout the cube. This idea has lead to the
suggestion to use other than random sequences which are more uniformly dis-
tributed and produce better results. Such sequences are called quasi-random
or low discrepancy sequences.

One of the most known examples of low discrepancy sequences in one-
dimensional case is sequence j

N
where j=1,. . . ,N, which also provides the

approximation of the one dimensional integral If (4.5) by so-called one-
dimensional rectangle rule

RNf =
1

N

N∑
j=1

f

(
j

N

)
. (4.7)

One can be now interested in generalizing the rectangle rule to higher
dimensions. The most obvious generalization is the product-rectangle rule
[17], but this rule is not cost-effective if the dimension s is high. This rule
requires N s integrand evaluation, and the rate of convergence can be very
slow. In order to calculate approximation of the integral (4.4) many authors
have proposed and examined different types of rules, all of which share the
common name quadrature rules.
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The oldest interesting generalization to s-dimensions of the rectangle rule
is so-called method of good lattice points. These rules were developed inde-
pendently by Korobov [32, 31], and Hlawka [11]. In this method the approx-
imation of the integral is of the form:

If ≈ 1

N

N∑
j=1

f

({
j

N
z

})
(4.8)

where N is a priori chosen number of integration points and z is carefully
selected an s-dimensional integer vector, and the braces around a vector
indicate that each component is to be replaced by its fractional part, i.e.,
{(x1, . . . , xs)} = (x1 mod 1, . . . , xs mod 1). It was shown that there exists
z depending on N (where N satisfies certain arithmetic restriction, such as
being a prime or a product of two primes). The method of good lattice points
was investigated in a series of papers by Zaremba [36], and Niederreiter [16].
Two drawbacks are that good lattice rules are hard to obtain (choice of z ) in
high dimensions and that error is hard to estimate [16].

Since there is no easily computable and realistic error estimate for (4.7),
Cranley and Petterson [7] proposed to randomize the quadrature rule (4.7) for
which the error estimate can be computed. In this randomization procedure
all of the quadrature points of a lattice rule (4.7) are “shifted” such as:

FN(w) =
1

N

N∑
j=1

f

({
j

N
z + w

})
. (4.9)

where w ∈ <s a random vector.

In order to estimate the variance of (4.8) we need to take a random
sample of size q from w, where the distribution F(w) is assumed to be the
multivariate uniform distribution. Then the composition of rules,

F =
1

q

q∑

k=1

FN(wk)

=
1

Nq

q∑

k=1

N∑
j=1

f

({
j

N
z + wk

})
. (4.10)

is an unbiased estimator of (4.8). In the terminology of Cranley and Perrerson
[7] (4.8) is called a stochastic family of quadrature rules. Calculation of this
approximation required Nq function evaluation. The standard error of this
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approximation is given by σ = ς/
√

q, where ς2 is the variance of FN(w)
(4.8). In general we do not know what the true value of σ is. Thus we use
the estimate of this standard error given by [7]:

σF =

√∑q
k=1

(
FN(wk)− F

)2

q(q − 1)
. (4.11)

Usually the simulation size q is chosen to be very small (e.g 10 - 20), N
denotes number of points used, and z is ”strategically” chosen lattice vec-
tor. Braces around vectors again indicate that each components has to be
replaced by its fractional part. Moreover w1, · · · , wN denote [0, 1]s - uniform
random vector.

For more details concerning quadrature rules in general and the approach
presented above the reader is referred to book of Sloan and Joe [17].

In both algorithms presented below Genz ([1, 2]) propose, to evaluate
function f from (4.9) at points

∣∣∣∣2
{

j

N
z + wk

}
− 1

∣∣∣∣ (4.12)

instead on
({

j

N
z + wk

})

which appears to increase the accuracy of the lattice rule methods (4.11)
(since quasi-Monte Carlo rules have better convergence properties for periodic
integrand). Below I present description of two algorithms written by Genz,
both implemented in Matlab environmental.

4.1.2 Algorithm I

In the method of good lattice points described above, one drawback which can
be found is that whenever we change N we have to search for a new sequence
of nodes in z. It is therefore desirable to have an infinite sequence available
whose first N terms provide the N nodes for the numerical integration, and
which yields a smaller error term than the method of low discrepancy se-
quences. Niederlander in [16] proposes and justifies the following choice of
lattice vector z :

zi = 2i/(s+1) where 1 ≤ i ≤ s. (4.13)
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To calculate the multivariate normal probability F (a, b) with lower inte-
gration limit column vector a, upper integration limit column vector b, and
correlation matrix Σ, Algorithm I first applies the Genz’s transformation
described in section (4.1) and then uses a randomized quasi-random rule (4.9
and 4.11) with N points. The lattice vector z used for calculations is of the
form (4.13). In the quasi-random rule we need to specify two numbers q
and N. Therefore, first we will focus on the relationship between them and
the time of calculations as well as how they influence the error of estimated
probability.

In our investigation we use q equal 8, 14, together with different values
of simulation size N. Later we will see that it is more effective to increase
the simulation size N than q, since we can obtain better approximation of
the multivariate normal probability for higher dimensions. However, the
cost of obtaining better results is that the time of calculation increases.
For each dimension s = 3, 7, 12, 18 we calculated the probability P (
ai ≤ Xi ≤ bi, i = 1, · · · , s ) where X =[X1, X2, · · · , Xs] has multivari-
ate normal distribution with mean zero and randomly generated correlation
matrix Σ.

In the first test we used the special form of constant correlation matrices.
These matrices are defined in the following way: σi,j = ρ, for i 6= j and
σi,i = 1, where ρ ∈ [0, 1]. That means that in each correlation matrix all off-
diagonal elements are equal. In further description those kind of correlation
matrices are simply called constant correlation matrices. Example of four
dimensional matrix is presented below:




1 ρ ρ ρ
ρ 1 ρ ρ
ρ ρ 1 ρ
ρ ρ ρ 1




where ρ ∈ [0, 1].
When we assume further that the elements of lower integration limit vector
a are all equal to −∞, then for such a problems the multivariate normal
probabilities (4.1) can be computed using [38, p.193]:

F (b) =
1√
2π

∫ ∞

−∞
e−

1
2
t2

s∏
i=1

Φ((bi +
√

ρt)/
√

1− ρ) dt. (4.14)

where b ∈ <s is upper integration limit vector.
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Values for these probabilities are gathered in tables in [38] which we used
for comparison with results from our algorithms. In simulation for each di-
mension s, we used sample of 56 different covariance matrices, with random
ρ values, chosen uniformly from [0,1]. Moreover, the vector b=(b1, . . . , bs) of
upper limits were also random, chosen in way that b1 = b2 = · · · = bs, where
bi ∈ [−2, 3.5] i = 1, 2, . . . , s. Below we present tables with average estimated
absolute error EvN for different values of N together with and the average
running time (in seconds) TvN of algorithm. Value of average estimated ab-
solute error was calculated as a mean of differences between true value of
probability provided by [38] and approximation provided by our algorithm
for all matrices. Value q was chosen equal to 8. We expect that with increas-
ing number N, the average error of estimation should decrease, since we take
more points into consideration.

s Ev200 Tv200 Ev700 Tv700 Ev1500 Tv1500

3 2.595e-006 0.0198 2.014e-006 0.0547 1.382e-006 0.0913
7 1.207e-004 0.0593 3.536e-005 0.1449 2.693e-005 0.2730
12 1.398e-004 0.1111 4.982e-005 0.2675 2.831e-005 0.5096
18 2.872e-004 0.2051 1.246e-004 0.4694 7.553e-005 0.9754

Table 4.1: Constant covariance matrix, q = 8

In the table above we see that indeed the average error of estimation de-
creases while we increase number of samples N. Moreover this conclusion is
true for all dimensions. Also we can say that Algorithm I is relatively fast,
since to calculate the 18 dimensional integral it needs around 1 second. We
can observe that while we increase number of points N from 700 to 1500 the
average time of calculation almost doubled.

In the next table we provide result obtained with simulation size q equal
14. Covariance matrix and the integration limits remain unchanged.
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s Ev200 Tv200 Ev700 Tv700 Ev1500 Tv1500

3 9.818e-007 0.0366 7.930e-007 0.0839 1.103e-008 0.1570
7 9.036e-005 0.0997 2.643e-005 0.2400 2.211e-005 0.4596
12 1.157e-004 0.1845 3.500e-005 0.4372 2.414e-005 0.8697
18 2.695e-004 0.3097 9.071e-005 0.8629 5.786e-005 1.4928

Table 4.2: Constant covariance matrix , q = 14

Comparing result in Table 4.1 and 4.2 we see that the average error of
estimation for small dimension s = 3 improvement about one decimal point.
For N = 1500 this improvement is even about 2 decimal points. However this
kind of impressive change cannot be observed for higher dimensions. For 12
and 18 dimensional integrals we see almost no improvement between average
error of estimation for different q. Comparison between average time of cal-
culation leads to the following conclusion: change of q from 8 to 14 leads to
increase by ≈ 1.5 times the average time of the calculation. For the constant
covariance matrices we see that increasing number q to 14 do not improve
our results significantly comparing to the time which is used to calculation.

In the second test we used the 50 random covariance matrices. Word
random should highlight that all off-diagonal elements are chosen randomly
from [0,1] and do not have to be equal any more. The integration limits for
these tests were chosen as in the previous tests. Since now we do not know
the exact solution of the probability F(b) to compare, different measure of
error estimation needs to be defined in this case. The Algorithm I returns
the error estimate 3σF (4.10) in order to provide an approximate confidence
level of 99% for the algorithm. For each dimension the mean of those esti-
mation is calculated and denoted as EN , where N is number of points used
to calculations. Tables 4.3, 4.4 shows the results of these tests.

s E200 Tv200 E700 Tv700 E1500 Tv1500

3 3.6647e-004 0.0245 1.6447e-004 0.0558 7.7632e-005 0.1087
7 8.9856e-004 0.0688 4.9838e-004 0.1670 3.8259e-004 0.3150
12 1.2337e-003 0.1325 6.2360e-004 0.3141 3.9564e-004 0.6048
18 9.2182e-004 0.2259 4.0458e-004 0.5230 1.9139e-004 1.0150

Table 4.3: Random covariance matrix, q = 8
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s E200 Tv200 E700 Tv700 E1500 Tv1500

3 3.2762e-004 0.0365 1.3326e-004 0.0825 7.2297e-005 0.1575
7 7.3185e-004 0.1020 3.2482e-004 0.2440 2.6696e-004 0.4683
12 1.1204e-003 0.1957 5.5812e-004 0.4547 3.9030e-004 0.9940
18 1.1449e-004 0.3083 4.9851e-005 0.7232 3.0841e-005 1.4291

Table 4.4: Random covariance matrix, q = 14

In both tables we can see that time needed to estimate 18-dimensional
integral is around 1/1.5 second. For dimensions 3, 7 and 12 we see satisfac-
tory results in both tables. The average error of estimations increases while
the dimension increases. Moreover together with the increasing number of
N, the error gets smaller. Surprisingly both tables (4.3) and (4.4) provide
for higher dimension (18) smaller average error then for integral of 12 dimen-
sion. It would mean that while the dimension of the integral increases our
algorithm gives better and better result. Therefore, as a conclusion from this
test, we can say that error provide by the Algorithm I is probably not a
good measure in case of high dimensional integrals.

Since, from all four tables above we cannot conclude significant influ-
ence of number q to the average error. It is more effective to increase the
simulation size N than q, since we can obtain better approximation of the
multivariate normal probability for higher dimensions. Therefore for later
calculation we will keep q constant and equal to 10.

4.1.3 Algorithm II

Algorithm II is different from the previous one in choice of quasi-random
points. The most common choice of the lattice vector z (the one which was
also used here) was proposed by Korobov [31], and is of the form:

z = (1, h, h2 mod N, . . . , hs−1 mod N), 1 ≤ h ≤ bN/2c.

where s is the dimension of the integral and N is the number of points used
for calculation. There are many possibilities of choosing value h, and the one
which was used in Algorithm II was proposed by Breckers [25] by mini-
mized the bounds of error associated with approximation. More details and
also some examples of vectors z ( where z depends now on possible number
of points N as well as on dimension of the integral s) can be found in [17,
p.217-221].
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In Algorithm II neither number N nor q can be specified by the user.
The defined number for q is 25, and the number of points N depends on
the estimated error. First Algorithm II calculates the approximation of
the integral with N=n points, together with estimated error. If the provided
error is too big (> 10−4 for s > 4, and > 10−7 for s ≤ 4), then the number
n is increased and the whole calculation is repeated for new N. Algorithm
II stops when either the estimated error is smaller than < 10−4 or the max-
imal number N has been reached (Nmax = 10000000). Since for 2, and 3
dimensional integral, Algorithm II provides the estimation of the error of
the order 10−7, therefore we start with more interesting case with dimen-
sions ≥ 4. Similarly as in the previous section we first tested constant and
later randomly chosen covariance matrices. In the first table we see the av-
erage absolute error Ev for different dimensions s together with the average
running time (in seconds) Tv of algorithm. The average absolute error Ev
was calculated in the same matter as in case for algorithm I. In the second
table E denotes the mean of errors provided by algorithm for each dimension.

s Ev Tv

4 1.5893e-005 0.2199
7 1.6428e-005 2.9325
12 1.7143e-005 5.7100
18 1.5178e-005 18.4213

Table 4.5: Constant covariate matrices

s E Tv

4 2.4039e-005 0.1994
7 7.6323e-005 7.8097
12 3.5599e-005 32.6454
18 8.0138e-005 56.3332

Table 4.6: Random covariate matrices

From the table 4.5 we can conclude that indeed the error between true
solution and algorithm approximation is of order 10−5. The same is true
when we look at table 4.6 and error provided by the algorithm. However,
this algorithm is much slower than Algorithm I and to compute the 18
dimensional integral with constant covariance matrices it needs ≈ 18 sec-
onds, while for random covariance matrices around 56 second. Although, if
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we would look closer for calculation time we would see that for most of the
matrices with dimension 12 and 18 algorithm needs much less than 32 and
56 seconds. Such a large average time of calculation is caused by few cases in
which algorithm failed to calculate results with error smaller than requested
even with maximal number of N. For them the time of calculation is around
200 seconds.

Both algorithms presented above will be compared with the standard
numerical integration algorithms implemented in Maple. In the next sections
reader can find description of two new methods together with the numerical
comparison.

4.2 Maple software

Maple is one of most wide known and used software packages for symbolic
calculations. It provides functions for numerical integration based on various
rules of integration. The user can specify what kind of rule should be used for
calculations. Below we present a small description of rules used for numerical
integration.

4.2.1 Algorithm III

An Adaptive Multidimensional Integration Routine is the third integration
algorithm which we want to investigate. The general algorithm of this routine
is based on successive subdivisions of integration region, where each subdivi-
sion is used to provide a better approximation of integrand. These subdivi-
sions are designed to dynamically concentrate the computational work in the
subregions where the integrand f(x) is most irregular, and therefore adapt to
the behavior of the integrand. This method is described in more details in [4].

With this algorithm, the subdivision strategy involves dividing (at each
step) a subregion with largest estimated error. This subregion is halved, in
the direction (chosen from some finite set of directions) where the integrand
is most irregular. This algorithm uses possible subdivision directions that
are parallel to the coordinate axes. The basic integration rule, that is used
for the subregion adaptive algorithms take the form:

If =

∫

H

f(x), dx =
N∑

i=1

wif(xi) (4.15)



50 CHAPTER 4. MULTIVARIATE NORMAL PROBABILITY

where H ∈ <s is the region of integration, xi the evaluation points and wi

the corresponding weights, i = 1, . . . , N . The points xj and weights wj are
chosen to make the rule exact for all polynomials of degree d or smaller, for
some fixed d and s, with N small. The rules that are used in practical cal-
culations typically have degrees in the range 5-13. The basic error estimate
used for subregion adaptive integration algorithms is a difference of two in-
tegration rules. In Algorithm III 9 degree rule is used to approximation
and difference of 7 and 9 degree rules to estimate the error.

4.2.2 Algorithm IV

Last method which we are going to investigate and compare is just a small
modification of the Algorithm III. In this method first some techniques of
symbolic analysis are used to simplify calculation and to deal with the singu-
larities. Later this modified problem is pass to An Adaptive Multidimensional
Integration Routine. In case if routine fails, which mean that routine does
not provide results with requested by user accuracy, then the problem is
treated via nested 1-D integration1. For one dimension integration, following
methods are implemented: Clenshaw-Curtis quadrature method, adaptive
double-exponential method, adaptive Gaussian quadrature method, adap-
tive sinc quadrature method and adaptive Newton-Cotes method.

4.3 Numerical comparison

This section present comparison of methods described so far. We will try to
identify factors that might influence computation time and precision. In our
investigation we will mainly focus on 4 and 7 dimensional integrals of mul-
tivariate standard normal density function. For simplicity we assume that
elements of upper (lower) integration limit are equal to each other. For both
dimensions s = 4, 7, we investigate two types of integration regions: [−1, 1]s

and [−0.5,∞]s. The requested order of estimated error is 10−5 in case of Al-
gorithm II, while for Algorithm III and IV its 4 or 6 digits. Moreover
since in Algorithm I user needs to specify number of points used to cal-
culation, we used 700 for dimension 4 and 1500 for dimension 7 (choice is
motivated by read literature). For comparison different covariance matrices
will be taken into account, depending of their determinant and eigenvalues.

1In case of multivariate normal integration all of the 1-D integration routines imple-
mented by Maple failed to perform calculation in case of s ≥ 4 dimensional integrals,
regardless of covariance matrix and integration limits.
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The standard notation used in tables below is:

• TAi
- time of calculation of algorithm i,

• PAi
- probability obtained by algorithm i,

• EAi
- estimated error provide by algorithm i,

• dig - order of requested accuracy in digits.

4.3.1 Four dimensional integrals

First choice of covariance matrix is the identity matrix, where determinant
and all eigenvalues are equal 1. Table 4.7 presents time of calculation and
probability provided by all four algorithms. Moreover in case of Algorithm
III and IV we make distinction when the required accuracy is 4 or 6 digits.
In case of infinite region of integration those two methods do not provide
precise value of estimated error. The only information which we have is that
error is of order 10−4 or 10−6 as we wanted. Generally, if division of integra-
tion region is applied those methods do not provide the estimate of error.

limit TA1 PA1 TA2 PA2 dig. TA3 PA3 TA4 PA4

[−1, 1]4
0.10 0.217217 0.06 0.217217

4 0.02 0.2172 0.02 0.2172
6 0.05 0.217217 0.03 0.217217

EA1=0 EA2=1.98e-17
4 EA3=0.3e-4 EA4=0.3e-4
6 EA3=0.6e-6 EA4=0.6e-6

[−0.5,∞]4
0.11 0.228599 0.08 0.228599

4 5.6 0.2286 4.8 0.2286
6 20.5 0.228599 19.5 0.228599

EA1=0 EA2=3.96e-17
4 – –
6 – –

Table 4.7: Comparison of algorithms for matrix 1.

On the first glance, for integration region [−1, 1]4 all four algorithms are
extremely fast and their time of calculation if comparable. All four methods
need much less than one second to obtain results, moreover in this simple
case they return the same value for estimated probability. Now we turn our
attention to estimated errors and compare times of calculations taking them
into account. We can notice that algorithms III and IV required similar
amount of time to obtain result with estimated error which is three times
higher then for algorithms I and II. This can be seen as not promising fact
for future comparison. When we change the integration region to [−0.5,∞]4

we can notice rapid increase of time for calculation for algorithms III and
IV. To obtain accuracy of 6 digits they need approximately 4 times more
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time then for accuracy 4 digits. Also, since the division of integration region
was applied the estimation of the error is not provided by these algorithms.
Time for calculations for algorithms I and II have not changed significantly
comparing to finite integration region. As in previous case the estimated
probability is the same for all four algorithms. As the interesting fact we
need to point out that Algorithm I returned value 0 as the estimation error.
This can suggest that inside the algorithm the truncation of the error is ap-
plied.

Working with identity matrix for multivariate normal distribution can be
seen as the most easy case, therefore our next choice is Matrix 2 with deter-
minant equal to 0.5271. in figure 4.1 we see eigenvalues of this covariance
matrix, together with matrix.

Determinant: 0.5271
Eigenvalues

0.3001
1.0007
1.0921
1.6071

0
BB@

1 -0.6003 0.0570 0.2125
-0.6003 1 0.0643 0.1267
0.0570 0.0643 1 -0.0668
0.2125 0.1267 -0.0668 1

1
CCA

Figure 4.1: Matrix 2.

limit TA1 PA1 TA2 PA2 dig. TA3 PA3 TA4 PA4

[−1, 1]4
0.10 0.246965 0.06 0.246997

4 0.03 0.2470 0.03 0.2470
6 0.09 0.246991 0.06 .246991

EA1=1.26e-4 EA2=8.98e-5
4 EA3=0.6e-4 EA4=0.6e-4
6 EA3=0.2e-5 EA4=0.2e-5

[−0.5,∞]4
0.09 0.225862 0.17 0.226050

4 7.7 0.2261 7.4 0.2261
6 36.5 0.226052 35.6 0.226052

EA1=5.16e-4 EA2=8.86e-5
4 – –
6 – –

Table 4.8: Comparison of algorithms for Matrix 2.

For the integration region [−1, 1]4 all four methods required similar amount
of computational time as for identity covariance matrix. Slight increase can
be noticed only in case of algorithms III and IV, however those are still satis-
factory results. The first method provides now the estimation of the error of
order 10−4, while the second method requested order 10−5. When we look at
the infinite integration region we observe increase of computational time for
all methods beside first one. The most significant increase can be noticed for
algorithms III and IV while we requested 6 digits of accuracy. In that case
time of calculation is around 35 seconds. Algorithms I and II still provide
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results in less than one second. Probability provided by these methods is
now slightly different due to different algorithms used to calculations, how-
ever this difference is not large.

Third matrix used to comparison has determinant ≈ 0.1 and eigenvalues
shown below. Since this matrix has relatively small determinant we can
expect worst results than in previous two cases.

Determinant: 0.1099
Eigenvalues

0.0636
0.7161
1.1862
2.0341

0
BB@

1 -0.6036 0.2233 -0.0843
-0.6036 1 -0.1963 -0.5487
0.2233 -0.1963 1 0.5194
-0.0843 -0.5487 0.5194 1

1
CCA

Figure 4.2: Matrix 3.

limit TA1 PA1 TA2 PA2 dig. TA3 PA3 TA4 PA4

[−1, 1]4
0.09 0.294206 0.37 0.294273

4 0.40 0.2942 0.39 0.2942
6 1.43 0.294228 1.35 0.294228

EA1=2.60e-4 EA2=9.96e-5
4 EA3=0.2e-3 EA4=0.2e-3
6 EA3=0.2e-5 EA4=0.2e-5

[−0.5,∞]4
0.10 0.184998 0.49 0.184948

4 15.7 0.1849 14.8 0.1849
6 87.6 0.184945 84.4 0.184945

EA1=1.23e-4 EA2=9.03e-5
4 – –
6 – –

Table 4.9: Comparison of algorithms for Matrix 3.

Time of calculation for the first method remained the same as for ma-
trices 1 and 2. However this is not the case for rest algorithms. For finite
integration region second, third and fourth methods required approximately
similar amount of time to obtain comparable results (accuracy for algorithms
II can be almost treated as of order 10−4). When we requested six digits of
accuracy for method III and IV, computational time increased to more than
one second. For invite integration region all of those thee methods perform
much slower than for the second matrix. Time which they used for calcu-
lation has almost doubled what can be seen comparing tables 4.8 and 4.9.
While the second method still needs less than one second to obtain results,
methods three and four require about 15 seconds to obtain comparable re-
sults. For accuracy of six digits the user needs to wait more than one minute
for the outcome. The best performance of the first method is obvious.

The last covariance matrix for which we compare our four algorithms is
almost singular matrix with determinant ≈ 0.0275. Matrix together with its
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eigenvalues is shown below.

Determinant: 0.0275
Eigenvalues

0.0134
0.9553
1.1261
1.9052

0
BB@

1 -0.2803 0.870 0.2125
-0.2803 1 0.0643 0.1267
0.870 0.0643 1 -0.0668
0.2125 0.1267 -0.0668 1

1
CCA

Figure 4.3: Matrix 4.

limit TA1 PA1 TA2 PA2 dig. TA3 PA3 TA4 PA4

[−1, 1]4
0.09 0.295772 1.74 0.295669

4 2.44 0.2957 1.97 0.2957
6 9.83 0.295691 9.69 0.295691

EA1=2.24e-4 EA2=6.696e-5
4 EA3=0.1e-3 EA4=0.1e-3
6 EA3=0.2e-5 EA4=0.2e-5

[−0.5,∞]4
0.10 0.312291 1.57 0.312337

4 342.8 0.3124 311.3 0.3124
6 – –

EA1=8.3e-4 EA2=5.99e-5
4 – –
6 – –

Table 4.10: Comparison of algorithms for matrix 4.

Almost singular covariance matrix can be seen as the most difficult case
for calculation. For infinite integration region the second and the third
method requires more than 300 second, which is more than 5 minutes, to
perform calculation for requested accuracy of 4 digits. In case of 6 digits
accuracy calculation were stopped after 700 seconds (more than 11 minutes).
In this case, second algorithm required more than one second for calculations.
Moreover we can observe that in this extreme case for the second method
computational time is no longer dependent on the integration region, since
for both of them we obtain comparable results. Relation between number of
quasi random points used in first algorithms and computational time is now
obvious.
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4.3.2 Seven dimensional integrals

The same methodology of comparing was used for seven dimensional inte-
gral resulting in the following tables. Number of quasi random points in first
algorithm is now changed and equal to 1500. We start the comparison with
identity covariance matrix (matrix 5).

limit TA1 PA1 TA2 PA2 dig. TA3 PA3 TA4 PA4

[−1, 1]7
0.33 0.069113 0.12 0.069113

4 0.15 0.06911 0.11 0.06911
6 0.81 0.0691135 0.73 0.0691135

EA1=0 EA2=9.96e-18
4 EA3=0.3e-4 EA4=0.3e-4
6 EA3=0.4e-6 EA4=0.4e-6

[−0.5,∞]7
0.32 0.075575 0.24 0.075575

EA1=0 EA2=0

Table 4.11: Comparison of algorithms for matrix 5.

Table 4.11 presents time of calculations and probability provided by all
four algorithms. Since in first method 1500 points are used computational
time increase from 0.1 to around 0.3 second. As we have already observed
for four dimension integral time for calculation for this method depends only
on number of used points. Therefore approximately similar time will be ob-
served for other covariance matrices. In case of infinite integration region
third and fourth method needed a long time for calculation. In all of the
cases for seven dimensional integration, algorithms did not yield results in
less than 700 seconds and they were stopped. As already mentioned identity
covariance matrix can be seen as the most easy case from computational
point of view. When we look at the estimated error provided by algorithm I
and II in table 4.11 we can conclude that they are quite accurate. Calculation
time is also good. Here the second method is much better for both finite and
infinite region of integration. Algorithms III and IV required similar amount
of time to obtain results in case of 4 digits accuracy and finite integration
region as the second algorithm. However the estimated error which they pro-
vided is three times higher than the one provide by the second method.

Next matrix used for comparison has determinant ≈ 0.5 and eigenvalues
shown below.
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Determinant: 0.489
Eigenvalues

0.4156
0.6404
0.7262
0.9092
1.0513
1.5552
1.7022

0
BBBBBBB@

1 -0.0240 0.1653 -0.0973 -0.0974 -0.0205 -0.0957
-0.0240 1 0.0289 -0.0310 -0.0672 0.3566 0.3214
0.1653 0.0289 1 -0.1573 -0.3348 -0.2292 0.0505
-0.0973 -0.0310 -0.1573 1 0.2576 -0.1655 -0.0695
-0.0974 -0.0672 -0.3348 0.2576 1 0.2650 0.0032
-0.0205 0.3566 -0.2292 -0.1655 0.2650 1 0.1583
-0.0957 0.3214 0.0505 -0.0695 0.0032 0.1583 1

1
CCCCCCCA

Figure 4.4: Matrix 6.

Numerical results are visible in the following table.

limit TA1 PA1 TA2 PA2 dig. TA3 PA3 TA4 PA4

[−1, 1]7
0.33 0.081753 0.10 0.081771

4 0.42 0.08176 0.41 0.08176
6 5.83 0.0817573 5.73 0.0817573

EA1=1.06e-5 EA2=6.71e-5
4 EA3=0.4e-4 EA4=0.4e-4
6 EA3=0.4e-6 EA4=0.4e-6

[−0.5,∞]7
0.31 0.082866 0.39 0.082900
EA1=4.83e-5 EA2=9.6e-5

Table 4.12: Comparison of algorithms for matrix 6.

For the integration region [−1, 1]7 we can notice quite large difference
between calculation times for all four methods. For the first and second al-
gorithm the computation time almost have not changed comparing with the
case with identity covariance matrix. However, estimated error is now of or-
der 10−5 and not of order 10−17 as in previous case. For 4 digits of accuracy
algorithms III and IV still provide results in less than one second, which
is not the case for requested six digits. While we request additionally this
two digits of accuracy time of computation increases drastically more than
10 times. When we look at the half-infinite integration region we observe
comparable results.

The last covariance matrix for which we compare our four algorithms is
almost singular matrix with determinant ≈ 0.11. Matrix together with its
eigenvalues is shown below.

Determinant: 0.1102
Eigenvalues

0.1593
0.2374
0.8231
0.8937
1.1138
1.8532
1.9195

0
BBBBBBB@

1 -0.0740 0.1653 -0.1973 -0.0974 -0.2205 -0.0957
-0.0740 1 0.3289 -0.0310 -0.0672 0.5566 0.3214
0.1653 0.3289 1 -0.1573 -0.5348 -0.2292 0.2505
-0.1973 -0.0310 -0.1573 1 0.2576 -0.1655 -0.3695
-0.0974 -0.0672 -0.5348 0.2576 1 0.2650 0.2032
-0.2205 0.5566 -0.2292 -0.1655 0.2650 1 0.1583
-0.0957 0.3214 0.2505 -0.3695 0.2032 0.1583 1

1
CCCCCCCA

Figure 4.5: Matrix 7.
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Numerical results are visible in the following table.

limit TA1 PA1 TA2 PA2 dig. TA3 PA3 TA4 PA4

[−1, 1]7
0.33 0.103841 0.64 0.103829

4 3.77 0.1038 3.547 0.1038
6 125.88 0.103801 119.766 0.103801

EA1=1.3e-4 EA2=9.1e-5
4 EA3=0.5e-4 EA4=0.5e-4
6 EA3=0.5e-6 EA4=0.5e-6

[−0.5,∞]7
0.31 0.087535 4.90 0.087537

EA1=1.6e-4 EA2=8.8e-5

Table 4.13: Comparison of algorithms for matrix 7.

For the finite integration region and requested four digits of accuracy al-
gorithm III and IV need approximately 3.5 second to perform calculation.
In case of six digits of accuracy this time increased drastically to around
120 seconds (two minutes). Time which second algorithm needs to obtain
accuracy of 10−5 is less than one second for [−1, 1]7, while for [−0.5,∞]7 it
is almost 5 seconds.

From the provided numerical results the following conclusions can be
made:

• In Algorithm I user needs to specify number of quasi random points
used to calculation. There is no control of provided error of estimation.
Moreover, time of calculation depends on the number of quasi random
points, not of covariance matrix or integration region.

• Time of calculation for Algorithm II is comparable or sometimes grater
than for Algorithm I. It depends on covariance matrix used in calcula-
tion together with integration region. Number of quasi random points
depends on requested accuracy on solution.

• Algorithms III and IV are unpractical for large scale applications since
they require long time for numerical calculations. Time for hypercube
[−0.5,∞]7 is higher than 700seconds. Moreover when the procedure of
subdivision of integration region is applied, algorithm do not provide
the exact estimated error.

• Probabilities provided by all four methods are comparable.

Based on obtained results we decided that the second algorithm is the
best among the tested ones. This can be justified as follows. Assigning con-
stant number of quasi random points used in first method for each dimension,
provided us with calculation time which is insensitive for changes of covari-
ance matrix. Moreover first method do not provided any kind of control of
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obtained error of approximation. Those two features (sensitivity to covari-
ance matrix and provided error) makes second algorithm more preferable in
our view.



Chapter 5

Elicitation Software Tool -
UniExp

5.1 Introduction

In this chapter we present the software tool UniExp which was created to
support the elicitation of conditional rank correlations associated with the
edges of a Bayesian Belief Network. The name of this package can be seen
as the connections of two words: UNcertainty and EXPert - what can be ex-
plained as using expert knowledge to quantify uncertainty about dependence
relations. The method of eliciting dependencies in the form of unconditional
and conditional rank correlations through conditional probabilities of excee-
dence which is used in this software was discussed in section 2.2.2. The
second algorithm presented in chapter 4 is implemented for calculations of
multivariate standard normal probabilities. Here the brief overview of the
software is presented.

59



60 CHAPTER 5. ELICITATION SOFTWARE TOOL - UNIEXP

5.2 Example

Let we suppose that we want to assess required rank correlations for the
following BBN (figure 5.1).

Figure 5.1: A simple example of BBN on 4 Variables.

The graphical structure of this BBN needs to be created by specifying
names of random variables and connections between them (Section 5.3). Elic-
iting conditional rank correlations associated with the edges of a BBN from
provided by expert conditional probabilities of exceedence is describe in sec-
tion 5.4.

5.3 Creating graphical structure of BBN

The creation of input variables and connections between them is the first
step in a UniExp project. To specify the number of nodes in BBN, a user
needs to fill in a integer bigger than zero in the window, as it is shown below
(figure 5.2). Later names of those nodes must be specified, see figure 5.3.
The most important assumption used here is that the names of the parents
have to occur before the names of the children, which is equal of having a
topological order of the nodes. In case if names are not provided by user, the
standard names are assigned.
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Figure 5.2: Input - number of
nodes. Figure 5.3: Input - nodes names.

To describe connections between nodes, the parent-child relations for each
variable need to be specified. It is done in two steps, first by providing the
number of parents for each node (figure 5.4), and later by specifying names
of those parents (figure 5.5).

Figure 5.4: Input - assigning num-
ber of parents. Figure 5.5: Input - connection

window.

The order in which parents are written is quite essential since it de-
termines which unconditional and conditional rank correlation needs to be
assessed. From figure 5.5 we can read that the ranks correlations which will
be calculated in the next step are: r43, r42|3 and r41|32.

Alternatively names and connections can be imported from a files created
elsewhere.

5.4 Assessing conditional rank correlations

The main part of the window “Rank Rxv zy” (figure 5.6) is concerned with
calculating conditional rank correlations between parents and children in the
BBN from excedeence probabilities provided by experts. Since the node 4
has three parents, three boxes for assessing conditional rank correlation will
appear. Bounds for the first conditional probability P1 are filled in by the
program immediately after pressing “Start” button. Moreover the bounds
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for unconditional rank correlation are shown (figure 5.6). The value of expert
estimate for P1 needs to be included in the box between upper and lower
bound1 (figure 5.7). When the estimate of P1 is introduced, the calculation
is initiated by pressing “Rxy” button.

Figure 5.6: “Rank Rxv yz” win-
dow.

Figure 5.7: Initialized
“Rank Rxz y” window.

After few seconds, the calculation of the rank correlation between vari-
ables 4 and 3 which satisfies the user’s conditional probability assessment is
found. Moreover the bounds for next conditional probability and for uncon-
ditional rank correlation are calculated and filled in (figure 5.8).

Figure 5.8: “Rank Rxv yz” win-
dow.

Figure 5.9: Initialized
“Rank Rxz y” window.

After proving estimates for all required conditional probabilities and there-
fore calculating all conditional rank correlations associated with the edges of
a Bayesian Belief Network (figure 5.9) program is finished.

1This estimate cannot be equal to upper or lower limit.
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5.5 Output

The main goal of this software is to calculate conditional rank correlation
assigned to the edges of BBN from excedeence probabilities specified by ex-
perts. Therefore, after the program is successfully finished, the user can find
information about rank correlations in the file: RankCorrelationValues.txt.
Moreover, in the file: RankCorrelationMatrix.txt the whole unconditional
rank correlation matrix for the BBN can be found.
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Chapter 6

Conclusions

This chapter summarizes the essential elements of the quantification of non-
parametric Bayesian Belief Network described in this thesis on the example
of the Maintenance Performance model, and presents the valuable findings
that have been obtained during the study.

The following fundamental problems have been formulated and solved
during the research:

• A model for Maintenance Performance was created in the form of a non-
parametric BBN as a part of Causal Model for Air Transport Safety;

• quantification of the dependence relations in the Maintenance Perfor-
mance model with use of experts judgment, together with the quan-
tification of marginal distributions (based on data or expert judgment)
was performed;

• the fast and accurate algorithm to calculate multivariate normal prob-
abilities needed for quantification of dependence relations in the BBN
was found.

Since human error/mistake in maintenance can impact on safety and per-
formance in a number of ways, in this thesis a demonstration causal model
for maintenance performance as a part of CATS model for aviation safety
has been successfully developed. The construction of the model required a
number of distinct steps to be carried out. First of all the most influential
features in the maintenance crew behavior needed to be point out. Each of
those variables needed to be described with unambiguous definitions, more-
over the source of data for marginal distribution needed to be assign. A
combination of techniques was used for quantification of marginal distribu-
tions. In cases where no data was available the Expert Judgment procedure
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was used. The following factors were taken into account while building the
model:

1. Job Training - average number of training per year;

2. Alertness - average number of hours an aircraft mechanic sleeps per
day;

3. Communication - current information transfer procedure in use distin-
guishing: 1. only paper notes, and 2. paper notes with oral feedback;

4. Experience - average number of years a person worked as aircraft me-
chanic

5. Working Condition - average number of maintenance operations needed
to be performed 1.out-side / 2. inside the hangar per 10,000 mainte-
nance operations;

6. Aircraft Generation - aircraft generation in scale from 1 to 4 where 4
is the most recent generation of aircrafts

To full quantify the Maintenance Performance model the information
about the dependence relations was still required. These information was
obtained from experts as well.

To obtain information about the strength of dependence relation between
variables the information about required rank correlation has to be provided.
In practice the conditional rank correlations are not elicited directly, the con-
ditional probabilities of exceedence are more frequently asked. From them
we can retrieve the desired rank correlations by assuming a copula. In our
approach we assumed the joint normal copula due to its useful properties,
such as know relationship between rank and product moment correlation and
the fact that partial and conditional correlations are equal [8]. Since the re-
lationship between required conditional rank correlation and the conditional
probability is found by integrating appropriate normal distribution, the fast
and accurate algorithm to calculate multivariate normal probabilities was
needed. For that purpose different accessible algorithms were compared. We
compared four algorithms, which belong to two groups due to the integra-
tion procedures which they use for the numerical computation of multivariate
normal probabilities. The fist one is based on Quasi-Monte Carlo, while the
second on the Adaptive Multidimensional Integration Routine.
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Our computational study shows that the computation time depends on
the problems dimension, the correlation structure, as well as on the required
accuracy. The results reported in this thesis suggest that it is possible to re-
liably compute accurate multivariate normal probabilities for practical prob-
lems within as many as ten variables, in a few seconds or less. The best
algorithm in our view was used to quantify the Maintenance Performance
Model.

Moreover, the software tool UniExp which was created to support the
elicitation of conditional rank correlations associated with the edges of a
Bayesian Belief Network was presented.

In the future, when more data will become available to validate the Main-
tenance Performance model (marginal distribution or/and dependence rela-
tions), the similar sensitivity analysis to the one presented in this thesis can
be performed. In this way we can assess the risk related to human error of
the maintenance crew.
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Appendix A

Basic Definitions

Through the whole thesis we assumed that the reader is familiar with some
definitions from statistics and probability field. However to make this thesis
more self contained we provide those definitions here.

Definition A.1 Product Moment Correlation
The correlation ρX,Y between two random variables X and Y with expected
values µX and µY respectively, and standard deviations σX and σ2

Y is defined
as:

ρ(X, Y ) =
Cov(X, Y )

σXσY

=
E((X − µX)(Y − µY ))

σXσY

. (A.1)

Remark
The correlation is the measure which takes values from [-1,1] and is associated
with the strength of the relationship between two variables. If correlation
coefficient ρ takes value 1 - then it means that there is a perfect linear rela-
tionship, in case when ρ = -1 the perfect linear relationship is negative, but
when ρ = 0 - then there is no relationship between variables.

Definition A.2 Sperman’s Rank Correlation
For random variables X and Y with cumulative distribution functions FX and
FY respectively, Spearman’s rank correlation is defined as:

r(X, Y ) = ρ(FX(X), FY (Y )). (A.2)

Another way of defining rank correlation is by introducing the so called
population version:

r = 3(P [(X1 −X2)(Y1 − Y2) > 0]− P [(X1 −X2)(Y1 − Y2) < 0]) (A.3)
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where (X1Y1), (X2, Y2) are two independent identically distributed random
vectors.

Remark The most important properties of rank correlation r are: Spear-
man’s rho always exists, and does not depend on marginal distributions; it is
invariant under non-linear strictly increasing transformations ; if r(X, Y ) = 1
then there exists a strictly increasing function G : < → < such that X =
G(Y ).

Definition A.3 Partial Correlation
Let Xi be random variables with zero mean and standard deviations σi, i =
1, . . . , n, and let the numbers b12;3,...,n, . . . , b1n;2,...,n−1, minimize the following
expected value:

E((X1 − b12;3,...,nX2 − · · · − b1n;2,...,n−1Xn)2). (A.4)

Then partial correlation is defined as [8]:

ρ12;3,...,n = sgn(b12;3,...,n)
√

b12;3,...,nb21;3,...,n. (A.5)

Partial correlations can be computed from correlations with the following
recursive formula [8]:

ρ12;3,...,n =
ρ12;3,...,n−1 − ρ1n;3,...,n−1ρ2,n;3,...,n−1√

1− ρ2
1n;3,...,n−1

√
1− ρ2

2,n;3,...,n−1

. (A.6)

Let us take the partition (Xi, Xj, Xa) of the n-dimensional random vector
X = (X1, X2, . . . , Xn), where a = 1, 2, . . . , n\i, j, so the vector Xa is a vector
composed of all the other variables except Xi and Xj.

Definition A.4 Conditional Correlation
The conditional correlation of Xi and Xj given Xa denoted by ρXiXj |Xa (or
simply ρij|a) is a product moment correlation of Xi and Xj conditioned on
Xa with respect to the conditional distribution between Xi and Xj conditioned
on Xa.

ρXiXj |Xa = ρXi|Xa, Xj|Xa =
E(XiXj|Xa)− E(Xi|Xa)E(Xj|Xa)

σ(Xi|Xa)σ(Xj|Xa)
.(A.7)
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Definition A.5 Correlation Ratio
For random variables G,X1, . . . , Xn, the correlation ratio of G with Xi is:

CR(G, Xi) =
V ar(E(G|Xi))

V ar(G)
. (A.8)

Remark Unlike correlation, the correlation ratio is not symmetric; that is
CR(G,X) 6= CR(X, G). The correlation ratio is treated as a measure of the
relationship between the statistical dispersion within individual categories
and the dispersion across the whole population or sample.

Definition A.6 Quantiles
Lets take random variable X. A p quantile is such an q that

P (X ≤ q) = p. (A.9)

Theorem A.1 Sklar’s Theorem
Let H denote n-dimensional distribution function with marginal distributions
F1, . . . , Fn. Then there exists the n-dimensional copula C such that for all
(x1, . . . , xn):

H(x1, . . . , xn) = C(F (x1), . . . , F (xn)). (A.10)

If all marginals are continuous then the copula is unique. The converse
of the above statement is also true.

Definition A.7 Copula
Let F−1

1 , . . . , F−1
n denote the inverses of marginal distributions, then for every

(u1, . . . , un) there exists unique copula C such that:

C(u1, . . . , un) = H(F−1
1 (u1), . . . , F

−1
n (un)). (A.11)

denote n-dimensional distribution function with marginal distributions F1, . . . , Fn.
Then there exists the n-dimensional copula C such that for all (x1, . . . , xn):

From this proposition we know that given any marginals and a copula we
can construct a joint distribution. The copula density contains all informa-
tion about dependence in the random vector.

Definition A.8 Normal Copula
The ΦΣ is the multivariate normal cumulative distribution function with cor-
relation matrix Σ if the distribution function of normal copula is given by:

CN(u1, . . . , uN) = ΦΣN (Φ−1(u1), . . . , Φ
−1(uN)). (A.12)
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Definition A.9 Bivariate Normal Distribution
(a) A two-dimensional random variable X = (X1, X2)

′ is said to have a
nonsingular bivariate normal distribution if its density function is of the form

f
(
x; µ, σ2

)
=

1

2π|Σ|1/2
e−(x−µ)′Σ−1(x−µ),x ∈ <2, (A.13)

where

µ = (µ1, µ2) , Σ =

(
σ2

1 σ12

σ12 σ2
2

)
,

σ2
i > 0 (i = 1, 2), and |σ12| < σ1σ2.

(b) X is said to have a singular bivariate normal distribution if there
exist real numbers σ1, σ2, µ1, µ2 such that X and (σ1Z + µ1, σ2Z + µ2)

′ are
identically distributed, where Z has an N(0,1) distribution. The µ and Σ
are called, respectively, the mean vector and the covariance matrix of the
bivariate normal distribution.

Definition A.10 Positive Definite Matrix
An n × n symmetric matrix Σ is said to be positive definite if c′Σc ≥ 0 holds
for all real vectors c, and equality holds only for c = 0.

Definition A.11 Multivariate Normal Distribution
An n-dimensional random variable X with mean vector µ and positive definite
covariance matrix Σ is said to have a multivariate normal distribution if the
density function of X is of the form

f (x; µ, Σ) =
1√

(2π)n|Σ|e
−(x−µ)′Σ−1(x−µ)/2. (A.14)
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Aircraft Generation

• First generation: Antonov 12/ 24/ 26, BAE HS 748, Belfast Boeing
707F, Canadair CL 64, DC6A, DC8-62MC, DC8-63F, DC8F, Falcon
20, FK/FA 27-200, FK27-500, Fokker 27-500, Hercules M382, L188F,
Merlin III, Metro III, Short 360.

• Second generation: Airbus A300/ A300-4P/ A300B4/ A300F, Antonov
74, BAC 1-11-500, Beech 1900C/ 1900D, Boeing 727-200/ 727-200ADV/
727F/ 737-200ADVP/ 737-200P/ 747-100F/ 747-100P/ 747-200F/ 747-
200MC/ 747-200P/ 747-300MC/ 747-300P/ 747SP, DC10-10P, DC10-
30P, DC10-40, DC10F, DC9-20, DC9-30P, DC9-40, DC9-50, Dornier
228-200, EMB-110, EMB-120, ilyushin 86, Merlin IV, Tristar 1, Tristar
100/ 500, Tupolev 134/ 154, YAK42.

• Third generation: Airbus 330-300/ A300-6P/ A310-2P/ A310-3P/ A310F/
A319/ A320-1/ A320-2/ A321/ A330/ A330-300/ A340-211/ A340-
311/ A340-313, Antonov 124, ATR42 300/ 500, ATR72-202, BAE 146-
100/ 146-200P/ 146-300/ 146-RJ85/ ATP/ 146, Boeing 717/ 737-300/
737-400/ 737-500/ 737-600/ 737-700/ 737-800/ 737-800W/ 737-900/
747-400F/ 747-400MC/ 747-400P/ 757-200F/ 757-200MC/ 757-200P/
757-300/ 767-200/ 767-300/ 767-400/ 777-200, Bombardier CL604 Canadair
CL600/ CL600/ 604/ RJ700/ 100/ 200ER, Cessna 650, Dash 8-100/200/
8-300/ 8-400/ DO328JET, Dornier 328-100/ 328JET, EMB 135/ 145,
Fokker 100/ 50/ 70/ MD11/ 11F/ 81/ 82/ 83/ 87/ 88/ 90-30, Saab
2000/ SF340.

• Fourth generation: Airbus A319/ A320-1/ A320-2/ A321/ A330/ A330-
300/ A340-211/ A340-311/ A340-313, Boeing 777-200.
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Appendix C

Elicitation protocol

Introduction

Thank you for agreeing to serve as an expert in this expert judgment ex-
ercise, which provides the quantitative assessment of the relations between
influential factors in the Maintenance Human Error Model.

The main purpose of this project is to obtain information on the probabil-
ity distribution of variables (such as experience, fatigue, massages transfer,
etc.) influencing risk associated with human error in the Maintenance Human
Error Model. Moreover, information about the dependence relation between
these variables will be assessed.

Elicitation Method

Eliciting Marginal distribution

The method used in this elicitation is called structured expert judgment. For
each variable of interest, the probability distribution is elicited from experts’
uncertainty estimates via a structured protocol of questions in section 3.1.

The information about the probability distribution of variables will be
elicited via three numbers:

• The median value of the distribution, i.e. if you would have 100 samples
of the variable value, then 50 of them should be below and 50 should
be higher that the median value.

• The 5% percentile value (also called 5% quantile), which can be inter-
preted as: it would surprise you if more than 5 out of 100 samples have
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a value lower than this value.

• The 95% percentile value (also called 95% quantile), which can be
interpreted as: it would surprise you if more than 5 out of 100 samples
have a value higher than this value.

Later, in order to create a probability distribution for each variable, the
minimum informative distribution is if fitted to this quantiles.

Elicitation of Dependencies between variables

The information on the dependencies between certain variables will be elicited
via “conditional probabilities”, i.e we ask for the probability that variable X
is above its median value, given the condition that variable Y is above its
median value:

P (X ≥ x50| Y ≥ y50).

The main methodology of this procedure will be explained on the example
below. Let us consider the population of employees in a certain organization,
and assume that:

• their median age is 40 years,

• their yearly gross salary is around 45,000 euros,

• the median number of projects worth more than 150,000 euros in which
the employee has participated is 5.

Let us now look more closely on the 20,000 samples from the population
of employees. For each person from this sample file we can plot their age and
salary as shown on picture (C.1). Now, let consider the part of the popula-
tion of employees which are older than the median value, i.e. older than 40
years. If we expect that their yearly gross salary on average is higher than
the median of the whole population, we expect a positive correlation between
age and salary.

We can write this in the form of a question as:
Suppose we take the 10,000 employees older than 40 years (number of points
in D+B). How many of them do you expect to have a higher salary than
45,000 euros (number of points in B)?

The answer to this question would be approximately B
D+B

. Since the de-
pendence relations are not always clear, therefore answering to this question
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Figure C.1: Hypothetical joint
distribution of employee age
and salary (original units).
Rank correlation = 0.8

Figure C.2: Hypothetical joint
distribution of employee age and
salary (ranks). Rank correlation
= 0.8

only by looking at picture (C.1) would be rather difficult. Instead of taking
figure (C.1) we can plot the rank of each employee’s age and salary in its
distribution (C.2). We notice there the positive rank correlation since all
samples lay along the diagonal. To distinguish how hight the positive corre-
lation is we look at the width of the spread of the diagonal. The example
of perfect negative and positive correlations are shown in figures (C.3) and
(C.4) respectively. Rank correlation can be understood roughly as a degree
to which two random variables take high or low values together. Negative
rank correlation, as a degree to which one variable takes high values when
the other takes low values. More examples are available in Appendix.

Figure C.3: Perfect positive
dependence. Rank correlation
= 1.0

Figure C.4: Perfect negative de-
pendence. Rank correlation = -1.0

By looking at the figure (C.2), if you think that in B1 there are 7,000
points then your answer to our question would be:

P (Salary ≥ x50 = 45, 000| Age ≥ y50 = 40) ≈ B

B + D
= 0.7
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In the next step we would ask about:
From our sample file look at the population of employees older than 40 years
and which have worked in more than 5 projects worth more than 150,000
euros. How many of them do you expect to have a higher salary than 45,000
euros?

From the previous answer we have that 7,000 out 10,000 have a salary
higher that 45,000 euros. We are wondering now how this number would
change considering that all 10,000 employees have also worked in more than
5 projects worth more than 150,000 euros. In fact we are asking for an
estimate of:

P (Salary ≥ x50 = 45, 000| Age ≥ y50 = 40 and ]Projects ≥ z50 = 5)

Confidentiality

The names and quantification of the experts will not be published in the
final report, however the individual expert assessment and all information
relevant will. The names of the experts will not be directly identified with
individual assessments.

Elicitation

In this questionnaire, it is assumed that the population considered refers to
aircraft mechanics in western countries. In case of airplanes we consider the
population of Western-built large aircrafts ( >5,700 kg Maximum Take-off
Weight) currently flying in commercials operations worldwide. All questions
(unless explicitly stated) will be based on this populations.

We would like to obtain your view on the maintenance human error, in
order to obtain insight into the impact of individual factors on the overall
risk of maintenance incident/accident. To capture your uncertainty, in all
questions from this section, we will ask you to provide the 5%, 50% and 95%
quantiles for the following uncertain distribution.

Marginal Distribution
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Dependence Information

Table C.1 presents the nodes considered in the Maintenance Human Error
model together with their formal definitions and source for data for marginal
distribution.
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Q1 Human Error

Consider 10,000 maintenance tasks taken randomly from the population. On
how many of these tasks would you expect a human error would occur that
might lead to a hazardous situation?

——————– ——————– ——————–
5% 50% 95%

Q2 Working Condition

Consider 10,000 maintenance tasks taken randomly from the population. How
many of these tasks (percentage of them) would have to be performed out-side
the hangar?

——————– ——————– ——————–
5% 50% 95%

Q3 Comunication

Consider 100 reports which need to be pass to the next shift. How many of
these messages/reports would be pass to the next shift only through the paper
notes (i.e. workcards)?

——————– ——————– ——————–
5% 50% 95%

Q4 Job Trainings

What is the average number of trainings/courses that a person in your position
would receive per one year?

——————– ——————– ——————–
5% 50% 95%
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Source for
Node Definition Unit Label ] marginal

distribution

Human Er-
ror

Number of maintenance human errors that
might lead to a hazardous situation per 10,000
maintenance tasks

Number of
errors

HE 7 Data / Expert
Judgment

Job train-
ing

Average number of training in one year Number of
training

JobT 1 Expert Judg-
ment

Experience Number of year working as aircraft mechanic Number of
years

Exp 2 BL Statistics

Alertness Average number of hours slept by the me-
chanic per day

Number of
hours

Alert 3 Data

CommunicationCurrent information transfer procedure in use,
distinguishing: 1. only paper notes, 2. paper
notes with oral feedback.

1 – 2 Com 4 Expert Judg-
ment

Working
Conditions

Average number of maintenance operations
which needs to be performed 1.out-side / 2.in-
side the hangar per 10,000 maintenance oper-
ations

1 – 2 WCond 5 Expert Judg-
ment

Aircraft
Generation

Aircraft generation in scale from 1 to 4 where
4 is the most recent generation of aircrafts

1 – 4 AG 6 Schiphol Data

Table C.1: Variables used in Maintenance Human Error model.

Q5 P1 = P (Exp > 9.4 | JobT > JobT50)

Suppose that out of 20,000 aircraft mechanics, 10,000 were selected for which
the average number of training per 1 year is above the median value.

What percent of these 10,000 mechanics will have their years of experience
above the median value (≈ 9.4 years) ?

P1 r4,1

——————– ——————–
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Q6 P1 = P (HE > HE50 | Exp > 9.4)

Suppose that out of 640,000 aircraft mechanics 320,000 were selected that have
been working more that the median number of years (≈9.4 years).

What percent of these 320,000 mechanics will commit more than the median
number of errors per 10,000 maintenance tasks?

P1 r7,4

——————– ——————–

Q7 P2 = P (HE > HE50 | Exp > 9.4, Alert > Alert50)

Suppose that out of above mentioned 320,000 aircraft mechanics that have
been working more that the median number of years (≈9.4 years), 160,000
mechanics are selected for which their alertness is above the median value (≈5
hours).

What percent of these 160,000 mechanics will commit more than the median
number of errors per 10,000 maintenance tasks?

The remaining rank correlation should be at most . What per-
centage of this “remaining dependence” should be explained by the variable
Alertness?

P2 r7,2|4

——————– ——————–
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Q8 P3 = P (HE > HE50 | Exp > 9.4, Alert >
Alert50, Com > Com50)

Suppose that out of above mentioned 160,000 aircraft mechanics that have been work-
ing more that the median number of years (≈9.4 years), and their alertness is above
the median value (≈5 hours), 80,000 are selected that have obtained messages/reports
from the previous shift by paper notes together with oral feedback.

What percent of these 80,000 mechanics will commit more than the median number
of errors per 10,000 maintenance tasks?

The remaining rank correlation should be at most . What percentage of
this “remaining dependence” should be explained by the variable Communication?

P3 r7,3|2,4

——————– ——————–

Q9 P4 = P (HE > HE50 | Exp > 9.4, Alert >
Alert50, Com > Com50, JobT > JobT50)

Suppose that out of above mentioned 80,000 aircraft mechanics that have been work-
ing more that the median number of years (≈9.4 years), and their alertness is above
the median value (≈5 hours), and have obtained messages/reports from the previous
shift by paper notes together with oral feedback, 40,000 mechanics are selected for
which number of job training per one year is above the median value (] of training).

What percent of these 40,000 mechanics will commit more than the median number
of errors per 10,000 maintenance tasks?

The remaining rank correlation should be at most . What percentage of
this “remaining dependence” should be explained by the variable Job Training?

P4 r7,1|2,3,4

——————– ——————–
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Q10 P5 = P (HE > HE50 | Exp > 9.4, Alert >
Alert50, Com > Com50, JobT > JobT50, WCond =
inside)

Suppose that out of above mentioned 40,000 aircraft mechanics that have been work-
ing more that the median number of years (≈9 years), and their alertness is above
the median value (≈5 hours), and have obtained messages/reports from the previous
shift by paper notes together with oral feedback, and for which number of job train-
ing per one year is above the median value, 20,000 mechanics are selected that are
working in-side the hangar.

What percent of these 20,000 mechanics will commit more than the median number
of errors per 10,000 maintenance tasks?

The remaining rank correlation should be at most . What percentage of
this “remaining dependence” should be explained by the variable Working Condition?

P5 r7,5|1,2,3,4

——————– ——————–

Q11 P6 = P (HE > HE50 | Exp > 9.4, Alert >
Alert50, Com > Com50, JobT > JobT50, WCond =
inside, AG ≥ 3)

Suppose that out of above mentioned 20,000 aircraft mechanics that have been work-
ing more that the median number of years (≈9 years), and their alertness is above
the median value (≈5 hours), and have obtained messages/reports from the previous
shift by paper notes together with oral feedback, and for which number of job training
per one year is above the median value, and are working in-side the hangar, 10,000
mechanics are selected that works with latest (3, 4) generation of aircraft.

What percent of these 10,000 mechanics will commit more than the median number
of errors per 10,000 maintenance tasks?

The remaining rank correlation should be at most . What percentage of
this “remaining dependence” should be explained by the variable Aircraft Generation?

P6 r7,6|1,2,3,4,5

——————– ——————–




